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FROM the age of Vieta, the father, to this of Ma- 
ſeres, the reſtorer of Algebra, many men of the greateſt 
abilities have employed themſelves in the purſuit of an 
idle hypotheſis, and have laid down rules not founded in 
truth, nor of any ſort of uſe in a ſcience admitting in 
every ſtep the plaineſt principles of reaſoning. If the 
name of Sir Iſaac Newton appears in this liſt, the num» 
ber of the advocates for errour muſt be conſiderable. It 


is, however, to be recollected, that for a much longer 


period, men ſcarcely inferiour to Newton in genius, and 


his equals probably in induſtry, maintained a variety of 
poſitions in philoſophy, which were overthrown by a more 
accurate inveſtigation of nature; and, if the name of 
Ptolemy can no longer ſupport his epicycles, nor that of 
Des Cartes his vortices, Newton's dereliction of the prin- 
ciples of reaſoning cannot eſtabliſh the fallacious notion, 
that every equation has as many roots as it has dimen» 
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This notion of Newton and others is founded on preci- 
pitation. Inſtead of a patient examination of the ſubject, 


an hypotheſis, which accounts for many appearances, is 
formed : where it fails unintelligible terms are uſed: in 


theſe terms indolence acquieſces: much time is waſted 
on a jargon which has the appearance of ſcience, and 
real knowledge is retarded, Thus volumes upon volumes 
have been written on the ſtupid dreams of Athanaſius, 
and on the impoſſible roots of an e of u di- 
menſions. 


It was very early perceired that equations in certain 
forms admitted ſeveral roots, and that by multiplying to- 
gether complex terms in certain forms, terms ſimilar to 
thefe equations might be produced. Hence, from the 
natural defire of mankind to come as ſoon as pollible to 
a general concluſion, the thought ſuggelted itfelf, that 
all equations might be produced by a multiplication of 
fimilar complex terms, and that the analogy which had 
been obſerved between the coparts and roots of certain 
equations might be extended i in general to all equations. 


The idea thus advanced was without ſufficient attention 
to the natutal difference, which ſubſiſts in the different 
order of equations, adopted. It is true, that all the equa- 
tions which have more than one term may be formed by 
the multiplication of two or more complex terms; but it 
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depends 
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depends upon the form of an equation, whether it ad- 
mits of a multiplication by a number of complex terms 
in the forms propoſed equal to the higheſt index of the 
given equation. Thus let 

„* tax =k. 


Let the root of the above equation be equal to , then 


1 


x—bxx+a+ b is equal to * 44 t] ũ but a and 


2 are added to x and conſequently a + b cannot be a root 
of the given equation. In the ſame manner let 
a®* Sam + bu Tc +dal. 0... =k. 

If / is one root, then x — / multiplied into ſome complex 
term may form the equation; but this complex term 
is equal to an aſſignable number, and the number ſubſti- 
tuted for x in this complex term, which makes it equal 
to the aſſignable number, cannot be the root of the pro- 
poſed equation. With true reaſoners this would have 
been ſufficient to make them reject all thoughts of pro- 
ducing every equation by the multiplication of a number 
of complex terms equal to the higheſt index in the given 
equation ; but unfortunately a fiction was introduced, and 
ſcience was placed upon a level with the chicanery of 
courts of law in ſome countries, where the firſt ſtep to 
obtain redreſs for certain injuries commences with a 


falſehood. Though it is certain that in the inſtance 


above, where x + a X ＋ a + 6 produces the given 
PART II. b equation, 
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cquation, a + 6 is added to #, yet by a ſtrange fiction it . 
was to be ſuppoſed that a + is taken from x, and that 


a + b is equal to a number c, to be called either a ne- 


| gative or an impoſſible number. The nature of theſe 


fictitious numbers now became an object of inquiry, 
and, inſtead of ſearching after the roots of an equation, 
even grave men, imitating the philoſophers of a well- 
known region, who were extracting ſun-beams from cu- 
cumbers, waſted the midnight oil juſt as profitably in 
ſettling the rights and privileges of impoſſible quantities. 


The fruits of their lucubrations I deen in with the 


firſt milk of alma mater; and, if the good old lady had 


not driven me from my books and from ſtudies of a much 
ſuperiour nature, it is not improbable that I might ſtill 
have looked at theſe ſubjects through her ſpectacles. It is 
of little conſequence to the publick how, or why, I came 
back to my former ſtudies; ſuffice it, that being no lon- 
ger of an age nor of a diſpoſition to take for granted an 
old wive's tale, I ſtarted at the poſtulate to make a load 
of corn out of a buſhel. So ſtrange a demand now ex- 
cited my inquiry into the principles of a ſcience whoſe 
objects are all of a determinate nature, and after conſi- 
derable reſearches I diſcovered the direct demonſtrations 


which this volume contains. A ſpecimen of them I gave 


laſt 


rr 
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* laſt ſummer in a Letter * to the Vice Chanceller of the 
Univerfity of Cambridge on the vacancy of a profeſſer- h | 
ſhip, which was filled up by one whoſe pretenſions to be a if 
candidate were, in the opinion of moſt people, againſt | 
the ſpirit, and, in that of many, againſt the letter of the | 
ſtatute. In my opinion his election was againſt both; 
but, if he does any thing worthy of that profeſſerſhip, I I 
ſhall not be very ſcrupulous about his right of obtaining 
it, and ſhall not, moſt aſſuredly, in theſe times, diſturb 


him in the poſſeſſion of it. 


In this work the number of roots in an equation is de- 
termined, not by a fiction, but on certain and undeniable [| 
principles; a direct demonſtration is given of the relation h | 
of the coparts and roots in ſeveral equations, and the | 


mode pointed out for all equations; the limiting equa- 1 


tions are diſcovered by a ſimple principle which appears 
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to me capable of great extenſion. In this and ſimilar 
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queſtions fluxions are generally applied, that is, the new 
and unneceſſary quality of velocity is introduced in queſ- 
tions depending on mere addition and ſubtraction. My 
principle is ſimply this. Let à and þ be certain numbers, | [3 


4 ; 


* A Letter to the Vice Chancellec of the Univerſity of Cambridge, 
by William Frend, Candidate for the Lacaſian Proſeſſerſhip. Price od. 
White, Fleet-ſtreet; and Flower and Deighton, Cambridge. 
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z and y variable numbers; then if | 
a=b+Az—By+ C DE- F/ . 


the difference between the variable terms added and 
thoſe ſubtracted muſt be equal either to a given number 
or to nothing, otherwiſe @ would be a variable number. 
Now the difference cannot in my demonſtrations be in 
any caſe a given number, for both z and y may be taken 
leſs than any aſſignable number. Conſequently, if this 
difference was any determinate number, when z and y 
were each equal to ſome given numbers, this difference, 
when z and y were both made leſs than any aſſignable num- 
ber, would be leſs than the preceding determined number, 
that is, the difference would be a variable number which 
might be expreſſed by v, and then a would be equal to 5 
+ v, which is impoſſible, for a can be equal to only one 
number. The adyantage of this demonſtration is, that 
2 and y may be tried in any given equation, and the re- 
ſult made evident to the learner in every inſtance, If 
12 x — x* = 20, then the limiting equation 12 = 2 x or 
x 6, and if ⁊ is made equal to unity then) is equal to 
unity, and 6 + 1 being ſubſtituted for & in the given 
equation produce the ſame reſults; if x = 2, then y = 2, 


and ſo on *. 


* 


9 


* See Pages 26 — 29, 67 — 69. 
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J have alſo given in this work a conſiderable number 
of examples, particularly from Raphſon ; for J have 
found by experience that a learner, who is ſatished with 
general expreſſions and general demonſtrations without 
trying the reſult in practice ſeldom acquires any ſolid 
knowledge, and accordingly it is a great point with me 
in my preſent mode of teaching to accompany in every 
inſtant the theory with practice. The methods adopted 
by ſeveral eminent mathematicians in the ſolution of equa- 
tions are pointed out with their merits and defects: and 
here I ought particularly to obſerve that the demonſtra- 
tion given in pages 13 and 14 is taken chiefly from Dr. 
Hutton's eſſays ; and, though I cannot attribute to him the 
whole merit of that method, I can eaſily conceive that he 
did not derive any aſſiſtance from others; and his great 
merits will not ſuffer by the juſt tribute of applauſe 
being beſtowed on De Lagny his predeceſſer in this diſ- 
covery. By the compariſon of my mode of dividers 
with that of Dr. Hutton's by double poſition, pages 96, 
97, I do not by any means conſider the queſtion as tho- 
roughly decided, for though I have no doubt in my own 
mind on the preference of my mode to his in all the 
forms of equations, which are the ſubject of this work, I 
mult leave to the learner and to farther inquiry on my 
own part thoſe equations, where the unknown term is un- 


der 
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der a radical band, and where at preſent I conjecture 


only that my mode has the advantage. 


It might be proper here to acknowledge again the egre- 
gious overſight committed in the firſt part of my Algebra, 
Page 213, if I had not already done it in the Monthly 
Magazine, and to my miſtake the publick is indebted for 
an appendix, in which Baron Maſeres has given a com- 
plete examination of Cardan's rule, and a moſt accurate 
compariſon of Ferrari's ſolution, with that of Raphſon, 
by his method of approach. I may preſume alſo to hope 
that the tutours of the Univerſity of Cambridge will re- 
commend to their pupils the five laſt pages of that appen- 
dix to rectify their notions on the fiction of negative and 
impoſſible quantities; and, if they dilate on the conclud- 
ing paragraph, they will probably make an intereſting 
compariſon between the ſimilar fictions of modern alge- 


braiſts and antient divines. 
WILLIAM FREND. 


No 9, Inner Temple-lane. 
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HAP. I. 


ON EUATIONS IN GENERAL. 
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—_— — — 


—— — 


FROM the former part of this work it appears, that 
ſome equations have more roots than one: and as the diſ- 
covery of the roots of equations is a principal part of Al- \ 
gebra, a perſon cannot be a proficient in the ſcience, un- 
leſs he ſhall be able, on certain grounds, ro determine 
how many roots an equation in any form propoſed to him 
can admit. The Appendix has alſo ſhewn with what dif- 
ficulty the ſolution of ſeveral equations muſt be attended 
and, as this difficulty increaſes with the number of terms 
on the unknown ſide of an equation, it will be of uſe to 
examine the means of ſhortening this labour, and of con- 
fining the firſt approaches to the roots within ſome af- 
ſignable limits. Hence this part of the principles of Al- 


gebra will be confined chiefly to theſe two enquiries; into 
PART II. | B the 
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the number of roots in any equation, and into the limits 
within which theſe roots are confined ; and though the 
forms of equations are more numerous than the leaves of 
autumn in Vallombroſa ; and out of the myriads of theſe 
forms, the ingenuity of man has not hitherto diſcovered 
a general expreſſion for the root in one form out of a mil- 
lion; yet, by certain methods, the root of any equation 
which can be expreſſed by decimal arithmetick, will, by 
a degree of labour proportional to the number of figures 
in the root and the number of terms in the equation, be 
diſcovered. 


As the forms of equations are ſo numerous, it will be 
expedient to adopt ſome mode of dividing them into 
claſſes : and theſe claſſes ſhould be, if poſſible, of ſuch a 
nature, that a general property may go through the forms 
of every claſs. There is, firſt, a general diviſion of 
equations according to the nature of their unknown terms; 
for they may admit either of only one unknown number 
with its powers, or of ſeveral unknown numbers with 
their powers; or the index of the number in any term 
wy. be an unknown number. Thus the equation : 


nT 22 i = 3 


3 FT +cx i's > 5: 4. 3+ has on one 
ſide only and its powers. 


The equation 


n n—T 2 n—--2 : RE 1— 3 


„ Ur FY tv 9 2x „„ 
has ſeveral unknown numbers v, y, 2, &c. with their 
powers. 


The 
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The equation 


— 22 X —3 


* * 
a + ba es + d a ; „ „%% „tene ae not 
only ſimple unknown numbers with their powers; but the 
indexes alſo of ſeveral numbers are unknown. 


Of theſe equations, the firſt only will make the prin- 
cipal part of this enquiry ; namely, thoſe forms in which 


a ſimple unknown number or its powers are involved; 
and equations of this kind will be claſſed according to the 
number of terms on the unknown fide, Thus all equa— 
tions will be conſidered of the firſt claſs, which have only 
one unknown term, and conſequently only one root ; and 


n 
theſe equations come under the form x . 


Equations of the ſecond claſs have only two unknown 
terms, and cannot have more than two roots, and are 
reducible to one or the other of the three forms : 


MT. 1 1. 


r 


n T2 ak 


BE. Koons, 


Equations of the third claſs have three unknown 
terms; of the fourth claſs, four unknown terms, and ſo 
of the higher claſſes. One general rule pervades all equa- 
tions: namely, that no equation in any claſs can have 
more roots than it has unknown terms; and in the forms 
of each claſs the number of roots depends partly upon 
the coparts of the unknown terms, and partly upon the 
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changes of the marks of adding or taking away. In equa- 
tions whoſe unknown terms are ranged according to the 
order of their powers, there can be only one root, if 
there is only one or no change of the marks; and in 
equations, not ranged according to the order of the 
powers, there will be only one root, if there is a certain 
relation between the known term of the coparts of the 
unknown terms. Thus equations in theſe forms 


„ „ +. 


1 f—y 1 — 2 
X mw 7 X — 3 * — - — . — = E, 


can have only one root. 


CHAP. II. 
EQUATIONS OF THE FIRST CLASS. 


Equations of the firſt claſs, after bringing the known 
terms to one ſide, and the unknown to the other, and free- 


ing the unknown term of its known parts, are of this 
form: 


To find therefore the number x, the n- root of & is to 
be found. F 


A 


If » = 2, the ſecond root may be found by the rules 
laid down in the firſt Part (page 92, and the following 
pages). | 


* 
* 


If 


1 
If » = 3, the third root may be found by the rules 
laid down in the firſt Part, (page 96, and the following). 


If „ = 4, the fourth root may be found upon ſimilar 
principles, and ſo on for any number u. 


But theſe methods of finding the root are very trou- 
bleſome, eſpecially in the higher powers; and therefore, 
when the root is contained within fix or ſeven figures, it 
is diſcovered in the eaſieſt manner by the logarithmical 
tables; or, if a number is required which ſhall approach 
as nearly as poſſible to the root of a given number, the 
firſt ſix or ſeven figures are diſcovered in the eaſieſt man- 
ner by logarithms. Thus, let | 


. 
. 2, Log. x = Log. 2 = 30103 
. Log. x = „150515 
Log. 1, 41421 = „1505139. 

Diff. between Log. 1, 41420 and Log. 1.414220 = 

,0000031. 
Dif. 
10 
3. Diff, 


IO 


Log. 1,414213 = ,1505139 + 
+ 200000093 


= ,00000031. 


= ,00000093. 


= ,15051483. 


Log. 1,4142139 = ,15051483 
Log. 1,4142140 = ,15051514- 
1 . Diff. = ,o0000031, 


- 
- 
Þ 
* 
Z fm 2 
— a Ls 
* * = * a — — — 


3 RES S%Y WE 
* — — 
— — — — 5 


rr 
=— — 


iff. 
Hf, —— = ,00000003! 
* 
5 Diff. 
„ ,0000001 55. 


Add Log. 1, 4142130 „15051483 
*. Log. 1,4142135 = „150514985. 
Log. 1,414 135 = „150514985 
Log. 1, 4142135 = 150515016 

*. Diff. = ,00000003x 
Diff. 
3 = 50000008031 


6 Diff 
„ 


= ,00000C0186 


Add Log. 1,4142135 „1505 14985. 

5. Log. 1, 41421356 „1505 150036 
but „1505150036 is greater than „150515; therefore 
1, 41421356 is by the tables greater than the ſecond root 
of two, which is not true, for the ſecond root of two is 
greater than 1,4142 1356, and the error is owing to the 
defect in the tables, Which are calculated only to ſeven 


places of decimals. But the figures 1,4142135 are 
right. a 


Let x* = 37945- 
. 3 Log. x = Log. 37945 = 445791545 
. Log. x» = 1,526384860.,., 
*. * = 33,003522 6 «0 
The firſt ſeven figures are true. 


Let 


ty ff VO, ae LRU al TOR OO ine RY ke $2 via is 7K? 2” Sp wa; Kut, 7 Lt 44 1d * . * . n . Bas tons f N * „ e n N 
9 6 W { p q N : * LA ö „ 
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Let & 2741583974. 
Suppoſe x 100. 


. 10% = 2741583974 
. = 274158, 3974 
5. 4 Log. ”= 1 274158, 3 nearly = 5, 43800168 
. Log. y 1, 359 50042 
7 = 22,002390 «»- 
„ = 228,82330 


* 6 
* * — 
— —— — 4 
2 3 = 
—— — —— — 
= . — „„ 


The ſeven firſt figures are true. 


— 
oy 

e-apear — — 
— - — 

4 * * 


Let x* = 2327834559873. 
Suppoſe 100 y = x 
100] S 2327834559873 
' = 232,7834559873 
„Log. 7 Log: 232,78345 nearly, = 2,366952110 
* Log. y = ,473399422 
. 5 = 2,9743381. bl 
7. = 29743381 | 1 
The ſeven firſt figures are true. 


* 


1 — 
2 _ 
©. 
_ —— 
— 
— 2 
— — 


If tables of Logarithms are not at hand, recourſe may 
be had to the mode of diſcovering the root by gradual 
approaches to it; for the ſirſt figures being found, the un- 
known number may be made equal to the ſum or differ- 
ence of the known numberand another unknown number. 


Let x" = K. 1 


And ſuppoſe x to lie between the two numbers c and d. 
Then ſuppoſe x = c-— zor d + z 


«a a} f v 2 


„ - 


— —_— — —_— TS —— —— — — 
W 1 - * gm 
-4 "XY 


Pa ere, 


1 91 1 — 1 fr} 


„„ c — Nc Z + N. „ C „ 
n 1 1-1 N—2 
ord + nd TAT. Fm = + 
Neglect all the powers of >. 


5 0 c — 3 „ t 3 — 


2.7 
N 88 
4 a 
n Nom | — A — — — — 
du + n d Y k 2 ogy pars 2 
1 424 
7 da- 


Hence, by taking away z thus found from e by the 
firſt expreſſion, or by adding it to d as found by the ſe- 
cond expreſſion, a number nearer to x in the given equa- 
tion than either e or 4 is found, Let theſe numbers be e 
or /, and, by proceeding as before, a number {till nearer 
to x is found, and ſo on for ever. | 


Let x* = 2. 


If x= 1, « = I; and if x = 2, * 4. Therefore x 
is between one and two 


Let x 1 . 
1 +22 T 2 =2 
neglecting z* 
2—1 3 : 
% = —— =+=,5 which is too great for z = 
22 
9 
*.* > 1,5. 


Let x = 1,5 — z. 


. 5 —2. 1,5 3 +2* = 2; 
neglecting 


C91 


neglecting z*, 
155 —2 — 3,0 2 
. 5 „ — 41486 = „083 
which is too ſmall. 


* > 15,5 — 083 
*. & > 154166. 


Since x is leſs than 1,4166, it may be either greater 
or leſs than 1,416. Therefore make x = 1,416 + ; 


<7 + 2.1,416. 2 425 =2. 
. negleCting z', 
1,416 O 2 —2. 1,4162 
* 
2 1,416 
= 4708 <> ,706214689 
== ,001785311 too ſmall 
*. 4 = 1,414214688.., 


Make x = 1,414214, and proceed as before. 


Let x* = 37945: 
Suppoſe x = 10 ys 


* 105 = 37945 
*. = 372945 
*. y is between 3 and 4, but neareſt to 3. 


Let it therefore be equal to 3 + . 
*. 3 ＋3. 312 73.3 + 2 = 37,045, 
neglecting z* and z* 
3.3˙2 = 377945 — 3* 
— 8 
"PI 
ParT II. C 


«a 
— - 


— 5 4 
* 
6 —— — R- - — vg 
— — — — — 


ba 4 
—— ̃ Vé— 
r — _— - — 


= "Im — _ 
— — m 
% - * - <> 
* = — 
— — — — — 


(to) 
4,2161 


3 
= 1,40537 — I = 440537 too great. 
* > 349537» 


Let y = Jo 4 — 2. 


34 3. 3⁹.Q + === = 37,945 
*. 34 — 375945 = 3. 3,4 2 
. „ nn 

3 3.34 FTP 1,09414 
= ,039818 too ſmall, 
*. y 3,3608 7. 
Make y = 3,30 + z. 


From theſe inſtances it appears, that by every opera- 
tion a nearer approach is made to the required root; and 
in ſuch laborious work it 1s uſeful to adopt every method 
for ſhortening the number of operations. Now this will 
be done by a flight attention to the neglected powers of z. 


2 
. . 5 2 
Thus, in the inſtance »* = 2, 2 is found to be „5 — my 


2 

Conſequently z cannot be equal to ,5 ; nor _ to 2 or 
„125. Therefore if „125 is taken from 5 the reſult ,375 
will give a number leſs than x. Conſequently z is be- 
tween the numbers „5 and „375; and it is nearer to ,375 
than to ,5. Hence, inſtead of uſing 1,5—z for the 
next approach, it would be expedient and juſtifiable to 
try 1,4 + = for x. 


( 


5 „4 + 2. 1,4. 2 + 2* = 2 


2 


2 2 1 


— UND 
— 


. 7 2. 2 + — 
5 154 1,4 7 


= 1,428571. 


From this equation it appears & is to be added to 1,4; 
and conſequently the equation becomes 


2 


2 * = 1,428571 — 1,4 — — 


I,4 
3 „028571428 A* 
. „* — 2 7 89 * 0 2. 1,4 
2 
$ "6: 53 : was O 28 5 WW am ” 
20142057 3 


Hence 2 is leſs than ,0142857, . . and z* is. nearly 


NN 5 O y 
equal to,o14! . Therefore — + nearly = 
2. I »4 - I,4 


„001 X,o0104 » 
2 X O, I 2. 0,1 


3 0142857 Ny 
* 2 b EE = 501421557 too great. 


„ 1, 414215 + Zo 


= ,00007 nearly. 


By proceeding in this manner another approach will be 
made, which will double the number of figures. 


In the inſtance ) = 37,945 the equation derived was 
373.312 ＋ 3. 3 + =' = 37,945 (lee page 9) 


- 


| 37,945 2 z* 
5 0 2223 K — 8 — — 
S 9 8 9 
C 2 


_ S — E — 


d 
o * = 
__ 


— — 
3 — 2 — 
— 


= n — >» x 
-_ = 
- 
a — 


 —w_ewsrs”:T — 
— — ä — 


— 
— — 
— — 


21 


al 
* 
I" 
f 
ö 
b 
n 
7 
by 


| 

4 

| 

N 

I! 
1 


9 2 „ . 5 12161 9 © „ „ 


2 235 
* = „40537037037 e 
LE. Gn nearly = 50533 
5 AY" —- al 
23 5064 


3-9 3-9 
=} . 
Ss * 2 — 5 

— „0557 


= 00237 


| *.y = 3335 K ” 
. 3,35] + 3. 3.35}* = + 3+ 3,35 * + * = 37,945 
42 0 373945 7589 
—— + + — = 
* 3˙35 3535 3,35] 67 x 3,35 


* 1,6178 
„67 K,67 


37381153 


* 2 


3 
8 2 ——— 0,0 I I 8 — * ꝗ— - D 2 


2 


„ = 0,0103846— —— — === 
g , . p 3535 3•35 


23 


. = — = , ocoozi669 


0, o103846 


0 
— 


1 335 3 52 
; =} 4 Wt = 3,3003529 nearly. 


* x = 33,00352 + 2. 


Hence 


8 


Hence it appears, that by taking two or three of the 
figures firſt found for z, and thence obtaining a number 
nearly equal to 2*, a correction may be made to E⁊ firſt 
found ; and thus a greater number of true figures will 
be found in each operation, and conſequently the labour 
upon the whole will be very much ſhortened. 


As the great object in all the operations is to make 
2— 1 


2 


2 


2 
bear a very ſmall proportion to x; a general ex- 


preſſion for the firſt near number to the root may, when 


logarithmical tables are not at hand, be applied with great 
ſucceſs. 


Let “ = E and à be a number nearly equal to x. 


*. 4 ＋ A“ = E | . 


1 —1 4 a 
e. a +1012 bn, —— a 7 22 4. 222 k 
- | 2 


bl 


an—2 2* + * © + + + = hþ — a" 


1 * 222 ond 
Ne WS _ LATE yo SS. S7S:0:4 
8:0 2 1 | 


. by neglecting =* and the higher powers, 


hea” 


== X a nearly, 


a" 


4 — 
. - | 4 
— 


_ 
—— — 


——ũ3—: — — _ 


— — 


— — — — — 2 
= x. © Ez” — = 8 <>" pen” 5 


— — 
— —— - —— ——— — 


— ne 


——— 


—” £4 =, A <0 EF * + — 
— —  ___ = 


m—_— 
+ _ z — 
—_— — 
2 — — 


( 14 ) 


kh — a” 


9% 4 + 2 = X a + a. 


na 


* a + a is greater than x, 


This expreſſion 
n a* 


1— I 
Since þ = a + na"—1z + ne. - a -* +., 


44 


Multiply both ſides by » — 1; and add a to each ſide. 


„. ½ — 1. „ a AA n n. n — 1. 4% —1 2 + 


Alſo multiply the former equation A, both ſides by a, 
and ſubtract a N | 


MH... 


*. K- Xa = nen - q"—I2z* --= C 


221 
na"sz R 2 Þ.. 
C 13 ＋ n 7 + 
20 8 — X & == = args 
BB a—1.k+o na" n. u- 1. - 
n 
= nearly = z 
n a” 7 
4 n * — an "I 
* a * 0 + & a nearly. 
1 —1 „Ta / 
Bo of . 
Hence, ſince Xa + a1s greater than æ, and a 
| af | | 
Font : 
— is leſs than x, by adding together the two up- 
n—I.t+a" 


per parts of theſe fractions for a new upper part, and 


6 


the lower parts for a new lower part, a fraction will be 
found, which added to à is nearer to à than either of 


the other two terms® : 


-— — 


Rk — a" X a + k—a"yxa=tl—a"x2a=D 


na" ＋· Nn - I. Ia =n+1l.dO-ku—1ikt=E 


+ 4s x2 a” 
»*« a — —— 3 
L. Uu ＋ I. 4% ＋ 1 1.4 


* 24. S nearly t. 


Let 


— 


* If either of two fractions is nearly equal to a given number, the 
ſum of their upper parts, divided by the ſum of their lower parts, is ſtill 
nearer to equality with that number than cither of the two fractions. 


a 
Let — =:; 


c 
e 
Thena=6bm +.6x 
Andc = dun dy 
a+ n dm bx=—dy 
a + c | b x d y 
= mM = 5 : 
5 Ce b + 4 6 +4 


dy 


But - 55 — 1s leſs than x; and Ta-a is leſs than y. Therefore m + 
—— is leſs than zz - x; and conſequently Ds: is nearer to 
6 + pe = b +4 


BY 
1 greater than - 5. 


r b+d 


# than — is to m. And m 


a ' La 1 
Therefore + is nearer to m than — is to . 
b +4 4 


+ This is De Lagny's expreſſion. Dr. Hutton ſimpliſies this expreſſion 
in appearance by bringing it to one common lower part : 


«+ 


* _ 
— L , 


r r = — -_9 PAX 
- = 2 a , -— , - 


—- » 


- — 
— — — > 4<--— E___— 


* 7 — — K. * 9 


7 A - * — 
4 
— 


— -- > 
— * 


& 


— — 
— 27 8 


* 


wor — 2 ceo ug” oe, 


_— — ̃ 


+ 3 we 


-- 
— —- J. 


——— ww. <r * 


_—_——Y 


— 


2 _ - 
I  —— „% — — — 


— 


— — 2 —— 7 —— k — L 


— —— — — — 


616) 
Let ** 2 2. 


*. 4a 1; IAS 2; 1 2. 


k — ar 221 
— X24=nT + === 
n+1.4 +Fn—1le.k 211. Xx 111.2 


1 2 
X — 7 | e 2928 — 1. 
2 + 5 * ＋ 14 


Again let a = 1,4. 


SIEM X 2 n 1,4 
55 — a —= . 
u ＋ I. 4 ＋ 1 — 1.7 Zo» ,4\* +2 | , 
2 — 1,4\* I — 3] X 1,4 
— 2 154 = 
3.7 X 114 +1 7 ZX97 X57 + 55 wx 
1—4,93 \02-X-1 ,4 0 
- X 1,4 2 — = = ,0142319. 
I 47 + 55 . 12 I 397 1,97 en 
þ — an 
*. a ＋ —X2a = 1 „41421319 


u T I. a 1 — 14 


6 % . 


Of theſe the firſt ſeven figures are true; and for the next 


approach @ might be made equal to 1, 4142132: but the 


raiſing of ſo great a number to a ſecond power is very la- 
borious; and as the divider alſo conſiſts of a great num- 
ber of figures, though the reſult will give a greater number 

k a 2 


of ſigures than by the expreſſion z= — — — — —» yet 


2 a 2 2 a 


13 


* — an as oY t.a®TILa=1.at+20k—2 af F1 

1 ＋ 1.4 + n—1.4 n+." + n—l.+ 

IE ACE : 

AI N. EA X a; but he increaſes the trouble of the 
n + I, a"! + Hl . k 

operation. | 


« + 


this 


„ 


this latter expreſſion will be found far more convenient 
in practice. 


Let ** = 37,045. 


„nr n 

2, 372045 — 27 
= n+1.a 41 1.4 4.27 + 237,945 
| 045 X 3. ©. 2,260 X32. 189 K 3 


— — — 


3 


* — a 


* 6 


—ͤmꝶm—!N—— — — 2 


2 X 27 ＋ 37,945 4 X 27 +7,589 18,389 


31271428571 3 
— 3127 38 — „119038 N. 3 213571 


.* 3573571. 


Now let a 3.35 
and the learner by purſuing a ſimilar operation may com- 
pare the effects of it with De Lagny's method. 


The mode of dividers may alſo be applied to equations 
in this claſs, for the diſcovery of a few of the firſt figures. 
Thus, let ** = 2; therefore if 


= $1,514. Ht 1,415 


2 
— = 2 1 1,33 1,428 1,414422 1,413427 
Diff. „18 028 ,o00422 „0015/2. 


Hence, » is between 1,5 and 1, 40 but nearer to 1,4, 
and the diff. „16 ＋ ,028 = „188.“ 


— 


— — — 


* The ſum of the differences in the third line may be divided into ten, 
twenty, thirty, &c. equal parts, according as their correſponding rum- 
bers in the upper line differ by, 1 ,2 ,3, &c. and as often as one of theſe 
parts is contained in either of the lower differences, fo many parts of „1 
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8 — SM a 
- 2 
. n ——ä— 
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— 
4 By 
2 — — 


— — — 
<= I - 

4 [=> vine ht > 

. — 


— 


— 


13 
„ - 
_— 
K * — 1 


—ͤ—)—ͤ— — — —œ =_ 


2. 


. 


1 
* 
6 
g 
4 * 


if 
1 
1 
' { 


—_——— — 


2 « 
ages * 2 3 
5 . 
— = E 8 ., =— 
M — EL [ \ * 
—_ m ˙ u —ů . — — Z 


E iy 


( 18 ) 


RA Diff. = ,0188 
10 


and 8 x ,0188 = ,151>,16 
5 1,5 = j08--2, = x = I1;41:+© 0. 
and ,0188 X 1 > ,028 
. 1,4 ＋ 501 . . . * = 1,444 


3 
Allo „0188 © 8,51 
*. 1,5 — ,O851.=1,4148 , .. = x nearly. 
| ,028 


75188 =. 1,489 
*. 1,4 + ,01439 = 1, 414. . = x nearly. 


— 


— 


„2 „, &c. may be added to or taken from the correſponding upper 
numbers, and the reſult will be a number much nearer to the root re- 
quired. Or, ſince the root lies between two numbers in the upper line, { 
and the diſfercnces in the lower line are very nearly in the proportion of 
the exceſs of one number in the upper line above the root to the defect 
of the other number from the root, the following proportion will be 
nearly true: | 

„16: „028 :: 1 —z:2z 

*. „16 z 50028 — 028 2 
. „188 z = ,0028 
,0028 
2 2= —— = ,01489 
K* = 14 + ,01489 = 14,1489 nearly. 


Again: | 
3028: 16 :: „1 - 2: 2 
5 5028 2 eee 5016 — 516 2 


3 1882 016 


— »016 
= 188 10851 


** = 1,5 — „85 = 1, 448. . . nearly, 


For 


TOY 


( 29 ) 
For the firſt approach therefore x ſhould be made 4 
1,414 ＋ 1 
= Let & = 37,945 | 
338 $ 35 | 
IE = 12,648. 9,4 11,49 1 
9 16 10, 89 
Diff. = 3,648 0,60 
3,048 + 0,60 5 44248 = 1,416 
30 30 


4 X 1,416 = „5764 > „60 
„& = 373 + 1O4 - + 06 = 3534 + 4 


For the firſt approach therefore make x = 3,34 ＋ =: 


Let) = 232,7834559873 K. 


3 

＋ 

i 

5 77 
7 16 81. 


Here y is very nearly equal to 3, and it will be better 
to make y = 3 — = than to attempt further approaches 
by dividers, as the next trial muſt be made with 2,9 or 
2,90. 


—̃ä ea nc 
. — 


— _ —_—_ — _— — 
* *, 
6 1 
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EQUATIONS OF THE SECOND CLASS. 


Equations of the ſecond claſs have two unknown terms, 
and are all reducible to one or other of theſe forms. 


1. an + a & þ 
2. m . — 4 x" ht 


3. a ** — In — * 


The two firſt forms admit only of one root; the third 
form admits of two roots. The firſt form admits only of 


one root: for a ＋ a = x" X x” + a, and both 
parts x”, and xv” + a increaſe or decreaſe together; and 
conſequently the product increaſes or decreaſes with the 
increaſe or decreaſe of *: and, if this product is in any 
inſtance equal to &, by increaſing or decreaſing the 
product mult be made greater or leſs than &. 


In the ſame manner x */ a 2 in the ſecond form 


is equal to x* X x*—a, whoſe parts alſo both increaſe or 
decreaſe together, and conſequently there can be but one 
root to an equaticn in this form. 


But @ * — * . in the third form is equal to x” X 


a a whoſe parts do not increaſe and decreaſe together: 
for, if * increaſes, a — x” decreaſes; and, if v de- 
creaſes, a — x” increaſes. Conſequently, if this pro- 
duct is equal to , when x = d, by increaſing x the pro- 
duct may firſt increaſe and then decreaſe, and conſe- 

quently 


41 


quently another number c greater than 4 may make x" x 


a — 4 == hk, But this form does not admit of more 
than two roots. For the product increaſes by addition to 
x, from the leaſt aſſignable number till it becomes the 
greateſt poſſible, and then by farther addition to x it de- 
creaſes, till the product becomes nothing, and vice ver/a. 


'To prove this, let + be a very ſmall number, ſo ſmall 
that its powers multiphed into any given number ſhall 
be leſs than any aſſignable number, and let + added to 
or taken from x = y. 


To take the ſimpleſt caſe, let a x — x* = + and y = 


4 


„ a =axX+ax 
„ 2A A 


* a y— 957 =ax—Xx a — 


2 


„ x near! y 


12 


8 ay—y NN AX — x (7 x 2 K x nearly, 
If ) = x— + 
ay=ax=—ax 
„ K* —2xx+ Fs 


ay — 5 =ax—x —ax +2 * & nearly 


. ay - * a - 2 2K a x nearly. 
In the firſt caſe, by adding + the term @ y— y* is great- 


2 a 
er than a x — K, if a is greater than 2 * or — greater 


. * a 
than : but, if a is leſs than 2 x, or leſs than +, then 


the term ay—y* is leſs than a x — . Hence, the 
term 


„ 
. 
| 


e — ——gpe—_—_—_— 


= * * N 2 2 7 8 * F * 22 f * OY —"_ a er 
N ECO PIPE 3 * 1 ou r 
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— 
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term a - is increaſed by adding to x as long as x is leſs 


than 2 3 but it 1s decreaſed by adding to x as long as x is 


| a 
greater than = 


In the ſecond caſe, by taking away + the term a y—y* is 


greater than a x — x*, when 2 x is greater than a, or x is 


a . . 
greater than 7 but, if 2 * is leſs than a, or æ leſs than 


a . 
7 then 45 — 9 is leſs than a x — . Hence, the 
term a & is decreaſed by taking from x as long as x is 


leſs than - but it is increaſed by taking from x as long 


. a 
as x is greater than ＋ 


If therefore in the equation @ x — x* = A, d leſs than 
— is one root, then no other number leſs than — can 
be a root; for, by adding to or taking away from d num- 
bers till 4 + = 1s equal to 2 the term a * — x* muſt 
equal a number greater or leſs than #. But ſince, by add- 
ing to d till x becomes equal to _ , the term a x — ** 


is increaſed, and then by further addition is decreaſed till 


it becomes nothing, there muſt be another number which 


will make a & equal to &: and there can be only 
| | one 


— 


9 
P * * 


N 
9 


( 23 ) 
one number greater than — for by adding now to x, the 


term a x — & is conſtantly diminiſhed. 


The ſame may be proved generally. 


Thus let a x! — * . = þ. C 


6 » X* * a — * = 4. 


Let y = x + x. 


. * Xx a—ynAx Ne — is equal to the in- 


creaſe or decreaſe of x” x @ — x” by ſubſtituting a num- 
ber for x but nearly equal to it in the equation a * — 
axn+n = E. 

= + n-—7 nearly; 


a — 9 g a - Fm xk = ncarly; 


. * X 4697 280 x” + a & —_ I x 
— X ＋. + n r 4 — 1 * 


I m X 14 


. „* X 4a - M NK - n a N ⁰ 0 0 


1 xn-pn—1x T mn f- = A „XM m. 


**. - 


Hence, the term x" x a— x" conſtantly increaſes 
or decreaſes, whilſt x a is greater or leſs than » -+ m. x”, 


but if it increaſes when z a is greater than + mn . a”, it 


decreaſes when u+m . x" is greater than u a: and, if it 


decreaſes when 2 à is leſs than n + m. x”, it increaſes 


when » + m. 3 is leſs than » a. 


Inſtances. 


— 


( 24 ) 
Inſtances, . 
8 x — x* = 15. 
The roots are 5 and 3. 


Subſtitute 1, 2, 4, 6, 7, for x 
„„ 8 = =2 X 8122.12 


8 1K i 
8 * -* =4X8 —4= 16 
8 * — * 2 6 X 8 — 6 = 12 


8 * -* A7 8 — 7 = 7 


In this caſena=8 and m. * 2 x. 


Therefore, when u a is greater than 1 + . x”, 8 is 
greater than 2 K, or 4 is greater than x; and the num- 
bers 1, 2, 3 ſubſtituted for x give reſults leſs than 4, 


but increaſing; 5, 6, 7 give alſo reſults leſs than 4, and 
decreaſing. N 


Let ox x* — X = = 
9 g 
whoſe roots are 4 and 5; 
| 6 
let x = I, ben . I 
X = 2 * * 
9 
306 
C=3 95 
9 
x = 6 — . 
"= 
x = 5 | Impoſſible. 


The 


( 25 ) 


The numbers 1, 2, 3, 4, give reſults increaſing ; a num- 
ber between 4 and 5 makes the reſult decreaſe: 5, 6 con- 


tinue to make decreaſing reſults; if 7 is tried, there is no 
reſult, 


Let n = 1 and m = 2. 
„, a = n f - a n — „ l. 


Since this form admits of two roots, let them be c and 4 
„ 4c - =k=ad— d* 
„ ac — ad = ( 4 
„„ a X 8 — of = cf 24 
6 — 4 
„„ 42 mn mere = 4. 
c — A T 
Hence, in an equation of this form à the copart of * 
is always equal to the ſum of the roots. 


Since alſo a = coþ d 
ac=ca aA +4 
„ i= CBE 
but acc = & 
EY FIT 


Hence k the known term is in this form always equal 
to the product of the roots. Thus let 12 x —x* = 32. 


'The roots are 8 and 4, and 
8744 212 2 ud 32 8 „41. 


PART II. E But 
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But in certain cafes equations in this form will only 
have one root ; namely, when the root is one half of a. 
For let m be the number which makes a x — x* = G, 
or the greateſt poſſible number. Therefore. if » is made 
equal to m + z or m — , the product reſulting will be 
leſs, and in both caſes may be equal to a number E. 

9 gm + az am—ay 


== = = 4 


ww a =m-2mz-z) —m + 2my—y 
nazÞay=2mz+2my+=—yp 
„. a Xx TY 2 m X TT 2 —57 

5. a 2m T＋2Z2—9. 


Now, ſince m and a are conſtant; but ⁊ or y may be 
taken at pleaſure, 2 — y muſt be either an invariable 
number, or equal to nothing, 


But z — y cannot be an invariable number, for, by de- 
ereafing 2 and y, the number z — y may be leſs than 
any aſſignable number. Therefore z muſt be equal to Jo 


and conſequently a = 2 m. 


» 0 M1 — —. 


2 
Confequently, if the root of the equation a x — x* = 


TT | 
7 18 — there can be only one root. In this caſe @ X 
Ei 4 


a? 


4 


3 3 þ ns 
2 4+ 


Therefore, if an equation of this form has only one 
root, that root is one half of the copart of x, and the 
known 


(47 3 


known term + is the ſecond power of half the co- 
part g. 


If u = and 2 3; then 


a * —am=k=ax— „. 


Let m be the number which, placed for x, makes a ** — 
x* = the greateſt poſſible. Therefore, as before, m + z 
or Mm — y, ſubſtituted for x, will make a x — x* = &. 

 ax(=am+azt 


— 3 * N — 3 * — 23 


3 
f 
P 4 455 
„. a TY ZN X y+= +$3mx2*—=p* +2 ＋55. 


2 2 +5 

. 4 = 3m TZ XZ —- 5 + —. 

1 ET 

2* + 5 
But 3m X 224 ＋ 75 muſt be equal to nothing. 

3 
Va 
2 „ If] om 0 
3 
Example. 


27 — 2 = 54. 


In this caſe the equation can have only one root; for 


| 
: 
| : 
9 A 


7 = 
> = LI. . IRE 9, . ——— 
— — — 2 — — 


= 


— —— — — — - RN 
- - — ” 
7 — — 4» — 


— 22 71＋ꝙ62ͥ . 
-— = length 21 = 


_ - 7 
4 — — 
® , . 
8 


3 
— Q ——, —_ Lhe. 


2 — ü — U -̃ —ͤ—ä——ĩ— —— — 


2 — 


— HD 


— 


= — — 


F 


- — 


- * - 
* - 
ar © 
— —_ ——_—_—— > — 


= 4 * 


1 


( 28 ) 


If » is made equal to one; 
Then 27 x — x* = 26; and this equation will have 


another root 4, 6235 nearly. 
*. y 2 and æ = 1, 6235 
but ) + 3 m NK — x? 
* 8 + 1,5235 = 9 X pare 1,6235 
. 1,6235] ˙ x 9 ＋ 1,6235 = 36 — 8= 28 
„. 1,6235 x 10, 6235 = 28, 


Take the three ſirſt figures of each part of the com- 
pound term 1,62 and 1, 06. 


1,62 2,6244 
1,62 | 1,06 
324 157464 
972 262440 
162 | — 
2,781864 
256244 


Had more figures been taken for x, the product would 
have approached nearer to 28. N 


In the ſame manner, if » = 1 and m = z that is if a x 
— x* K, it may be diſeovered whether the equation has 
one or two roots. For if it has only one root, that root 


will be equal to 1 . 
4 . 


And in general it may be diſcovered whether an equa- 


tion of the ſecond claſs has two roots or not. Thus 


a x" — An . = A. 


Let 


(Wy ) 


Let M be the number which makes a x, — K = G 
or the greateſt poſſible number. 


iſt, Let x = M + y. 


A—T 


. 4 * ſa Mu Mi—Iiy+n. - a Mn=z 5? 


< 
— x r i 5 


eo co „ „6% „35 þ 
Mr —-2 y* + 


2d. Let x = M— >. 


1— I 


ax Na MW Mu M- TAN. a Mn: 


— +" [— Mt + m+n. Mau- g — n +2. 


Z* 4 
m + n— * 
2 | 


5 Mm +n—2 22 — 


*. ua M- THEY MT u. MT -I x x + » + 
Az B 4 C. 20. 


But Az*— BZ - C2t..... = 0 
na Ni NJ TU m+n. Mi X2+y 


1a M1 = mn +7 + Mm +n—1 


0 
m +01 
8 * 1 4 


Since 


N a 
ince M = 
Mm +1 
Mw = —< 
m +1 


But, ſince a ** — xm-þn = þ 
LES hþ 1 c. 


2 — 


* * 
That is, when x = M 


| 2 þ + Mm +: 


a 


2 xy mM + 1 
No = M x 5 


.. þ + Mn+n = Mn+" x = 


RJ 3 - Mm +-: X na Sh — M. = Mn: x 


7¹ | 
”m 
a 


To ſind the relation between a, I, and the roots of 
the equation a x» — . = þ, 


Let the roots be c and d. 


ar ct = ad Au 
. ac - 4 d = bn — Au. 


„„ A Nc — on = cu. — dun. 

: 2 — ur 

25 7 w—_ 7 =” 

cn dn — d cn 
c — du 75 


*. 4 cu + dn + 


Hence, 


C38 3 


Hence, if m is equal to », @ is equal to the ſum of the 


th powers of the roots of the equation; for in this caſe c- 
4 RY an c > O. 


If m is greater than », a is greater than the ſum of the 
c dn — du c 


th powers of the roots. For in this caſe r 
1 


15 a number to be added to c + 4”, 


If mis leſs than u, then du c is greater than cd,, and 
du en — ©: 


a number equal to — is to be taken away from 
40 — 7 
in ＋ an, 
Inſtances. 
iſt. mm n. 
121 X— ** — 32. 
The roots 8 and 4 
a f .Di. 


2d. m < 1 
27 x — xn* = 26. 


The roots are 1 and 4,6233333 


a 21 + 4,0235 or 550235 
3d. m > u 


The roots are 4 and 5. 


＋ 5 = 8 < „ 
W 


Since 


a —— OR 


* 
UN 
* 
of 
1. 
is 
17 
4Þ 


— 4 


( 32 ) 


Since a * = . = þ 
k + ul F mt FA. 
a a= — — — — — . 
Xx" en an 
*. k d. + cu -u a" == þ en + du n 
* cn on — dn tu n = c A= 


6. c“ d d c — du = k Xv cn - d 
ce ws om 
c — on 


% * = cen an N 


Hence, if m== n, & is equal to the product of the uth 
powers of the roots. 


If n is greater than , E is greater than the 1 of 


the nth powers of the roots. 


If m is leſs than u, & is leſs than the product of the 
uth powers of the roots. 


Inſtances. 


iſt, 12 » — * = 32 
The roots are 8 and 4. 
& = 2 . X 4. 


Let 27 x — x* 26. 


The roots are 1 and 4,62 35 and mn is greater than u. 
k— 26 <1 Xx 4, 6235. 


The 


19 


The roots are 4 and 5, and u is leſs than u; Kk = 
** X 5 * or 16 * 25. 


To make equations of the form a x» a = 6 with 
either one or two roots. 2 


Make a = c + d + © di X G5 —_— 


C0 — {1 


| m — di 
and make I = c d. * 2 ; 
/ c — itn 


— — > — * 
I cc 2x Mods. 


— K 


Inſtances. 


r 


Make an equation of the form a x = x* = & with the 
two roots 7 and . 


yt — - 


8 = 7 16 
3 


0 16 x — x* — 63. 


— . — — 
— —„—-— 


Make an equation of the form a * — x* = &þ with the 
roots 7 and 2, | 


S. 


m mn ens een c d—a* 
+ cm d LL 3 


c — a" | 6 => 


a= c ＋ dn 


— 4 
GTC TN ͤ —— Sc d d = 49 + 14 + 
4=67 


Parr II. F * 


=.14 Xx 92 126 
*. 67 x — x* = 126. 


Make an equation of the form a x* — xi = & with the 
roots 5 and 2. 


= dn 2 — —_—_ — 

a on + +- on 7 c + 4d + 2 42 
aw of c d 

— — A E — . — 

— + e G XN 2 r T4 7775 


A — WY wb « 3 
cn — d c — 4* c+ 4 
a „ 4 100 
— 98 
; - 4 7 


Make an equation of the form a * — x* = kwith the 
roots 7 and 6. | 


> 33 N= 2, 


6 the : 2 3 3.13 
5 4 pO+ 4 


4 8 


8 3 ee ee . e 
3 ＋ 4 e e 2 2s TE * e t dt 


. 


= 36 — — = 
54273 49 f 4 5 127 
85 — 1347 = 71 f 


a S en ＋ dn + 


C0 — 


m — du * — 4 
d cn — d. = b . 
1 
* TC +4 355 
1 0 13 RR 

491427 36 127 


*. 71 r* — x* = 7583 


Make an equation of the form a * — x* E, having 
only one root 3. 


> ——— ̃ —— ROO by 


= 
— - 4 2 5 
_— LS” Coon - > — 
— _ - -» _ 
>—— _ ES — * 


m + Nn 5 
37 
* 
135 i 
qa a= 8 67,5 


\ 2 
i ne 36455 
* 67,5 ** — X = 364,5. 


The ſame might have been done from the general ex- 
preſſions for à and & in terms of c and d, by ſuppoſing 
that, when there is only one root, the two terms c and 4 


approach nearer to equality than by any given difference. 
Thus 


F 2 


- 


(00): 


3 12 : 
a = + on. + © DOD nt + B+ 0 = 


CN — 4. 
cats. 2 47 
22442 2 42 3 — 3 3 
„ r OO DS 


a* . 


If 4is ſuppoſed to be nearly equal toc; 
* : K . 
a =2 r 2 c 5 + 2 —— — 2 — = 675,5 


f 3 1 
flo tet AX ron AN IE 
co — d c* — 4 


e di 4 2 


＋ 2 — and 4 3 ſuppoſed nearly equal 


to c 


133 SN 2 — = — = 3504, 5. 
2 „ 2 2 


In the ſame manner that the relation between a, , and 
the roots of the equation a x» — xm+» = tk has been diſ- 
covered; the relation between a, +, and the roots of the 
equations x2 +" + ax" , and xywt+»—a x" = t may be 
inveſtigated. Thus let 4 be the root of the equation 
e + a x" = kh, and c the root of the equation & 
— ax" = E; then 

cn n —act=kb= du ua di. 


*. cue — di u = a ＋ ad S a Xx & + d. 


D — n om . c dn 
. op of 7M 7 ca ＋ d 
- — mn 


„ 


9 + an 


Alſs 


I 


— gm 4-1 
Alſo, ſince dun ＋ a d' = E, a —.— and ſince 


cn —act=kha= —.— N 8 
kh — dan omen — þ 
r mo 
*. kb  — dar c = ometngn — þ tn 
.. IX + = cn . d + du cn c die ＋ de 
| en + dn EIT 
cn ＋ 4 . 


* — an X 


Hence, if m I, a = = Ad and t cc & 


Let * + 3x =40 = * — 35. 


Here c 8 and d = 5 
4a 23 2 8—5 
þ = 40 SZ © N 5. 


A relation alſo is to be found between the roots of the 
equation & f — a * = k and 4% — 5 = A, which 
may ſometimes be of uſe. 


** Fn — A —— a * — yuT® 


*. xm f + nn = ap +axm=aXxy + x 
am-+n + ym + 
3 xn +. 


In certain caſes x*+= + y» +" is diviſible by *r; in 
which caſes the relation between x and the roots c and 4 


of the equation a y" — y»+2" js eaſily diſcovered. Thus 
let 


636 


let m = 2, and 1 = 1. 


x* — dx +a 


oC -A“ Ser- dx S X N —d 


. S Nd. 


Hence, the root of the equation x* — ax = #k is equal 
to the ſum of the roots of the equation a x — x* E. 


Alſo a relation may be found between & and the roots 
of theſe two equations. For 


m+n — 
ax" =antn —bþ . a : 
Xx” 

m * — þ 
and a ) = yu — | — 4 — = — 
ee 

x" 4 CO Pact an 


*. xm . an —þ c = * t —þ x” 
and ym+n d — I du = xn dnt —þ x, 


_ æ u x c- dn — Þ X cf — on = xn X morn — gn +1 


Let n =1and m = 2. 


. c — 43 3 
. . 4 2 X , X ——— =x*—x XC + cd + d! 


c— 4 


= —X Xc X ct ATA - - d * 


X 


( 39 ) 


N —cwd sx=x 4 — u l 
cdx. | 


Hence, the root of an equation * — a x = is equal 
to the ſum of the roots of the equation a x» — x* = &; and 
& is equal to the product of the roots of the two equa- 
tions. | 


Inſtance. 
„ * —76 x= 240. 


The root of this equation is 10; and the roots of the 
equation 76 x — & = 240 are ſix and four, and 240 = 
6x 4X6 + 4 


A ſimilar relation exiſts between the roots of the equa- 
tions a"+* pax =h ay —y+*=kandaand &. 


— 


For n . + u = a —ax'=a X — * 


* * 
*. K y — xi = A xn + 5 a 
rr TT: WT 
5 vn E x" + xn n ” 
8 ; 


* K 


To 


— — 
2 — — n 
4 a ww W 4 - 
wm = 7 —— — 2 Py 
ba — —_ 2 2 - — —— 


i eo i, p 


" — 
— 2 
— ͤ — — 


3 — 


ö 
' 
! 
j 
' 
[ 
| 
| 


( 40) 


To find the root or roots of the equation a x* 


21. 


Firſt try, whether the equation has one or two roots 
| by the expreſſions given for @ and k, If it has only one 
root, that root is found from either of thoſe expreſſions. 
If it has two roots; try firſt, whether the 1-aſt root is a 
whole number, by applying numbers leſs than M already 
found : and having thus found the leaſt root, the other 
root may in ſome caſes be eaſily found by the expreſſions 
for a and . If the leaſt root is not a whole number, 
take the difference between M and the neareſt whole 
number to it, which difference being added to M gives a 
number very near the greateſt root. By trial it will then 
be found, whether the greateſt root is a whole number ; 
and, if it is, the leaſt root may alſo, in ſome caſes, be 
eaſily found from the expreſſions for a and &. If neither 
of the roots are whole numbers, they will be found beſt 
by the method of approach. | 


Let 39 y 9 = 70» 


85 Hence, the equation has two roots. 
* _ 3 2 8 
O 
17 = 233, 35 14 


39 = 30 35 14. 


a 


By trying 3 according to the mode of dividers, it ap- 
pears, that 3 is too great for the leaſt root: and on trying 
2, it ſucceeds z conſequently 2 is one root, and as the 
greateſt root is not ſo far from M as the leaſt is, the 
greateſt root muſt be very near to if not five. Con- 
ſequently 5 was tried for the next ſtep, and the two roots 
are found, namely 2 and 5. 


Let 25 — y* = 306. 


2 


But V/8,z is not equal to /18, Therefore the equa- 
tion has two roots 


75 22134 
36 2 
5 3 8] 


25-)* =21 24 16 g- 


Hence, the leaſt root lies between one and two, and 
the greateſt root is 4. Therefore, ſince 


ON an — An C7 


EE ep (il. mn {18 
444 
25 =4 + 4. 4 
5 d +4d=9 


1 Wo+4—2= V13—2= I, 651. 


PART II. | G Let 


2 — bs wn: 


2. 
2 


5 — 
= — — Fo — 


> 
av —_ —ů 
——— ee 


Mn 


— 


Hence, the equation has two roots 


Let 9 — X 24 
100 3 
9 K = 
* * 25. 


Hence, x = 3, and the greateſt root is not a whole 
number, 


= = 4 do 4 c dq — on c ee 
0 c*—d? 
2 —4 _ eee 
MEPENESN POS 50 ES ns op K* > 
. Eb 5e+25 
e | 
CE +5c+25=9c + 45 
/ * c —4c = 20 


*.c=v20+4+2=2+ 24 


Let 1000 x — x* = 174 +. 


The leaſt root is evidently leſs than one; therefore x? 
bears a very ſmall proportion to 1000 &, and 


6 


* Prob. XIII. XIV. Raphſon. Analyſis. 
+ Raphſon. XXXI. 


(48-1 


1000 d = 174 nearly 


+4 = o176; 


3 


1000 
i= SR 37S near 
oe Þ — 3 
: 74 ＋ 1006 * 1000 J 
Log. 174\* = 3. Log. 174 = 3. 2,2405492 = 6,7216476 
*. 174 * 55268022 Xx 10® nearly 
3 i 
1 10 268022 
ny HA - * = 57268022 Xx —: - 
1800 1000 10% X 10 10 


= ,000005208022 


*. d = ,174005268022 ＋ 2. 


For the greateſt root a very near approach may be made 
in a ſimilar manner, 


1000 c — = 174 


174 
*. 1000 — 2 — 
+ 


„* e = V 1000 nearly 


„14 ** / 


| I 
„ 2 1000 7 6.4 nearly 
1000 


— — — 
«a. 


| 
7 

þ 
7¹ 
1 


Log. — 33 2 og. 174 - . 3 2,2405492) 77 
| Vigo — | * 71 
57405492 17 
| 3 5, 502 362 * 
q/ 1000 
G 2 


2 0 


—— — — — 


— — — ————_ — 
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. > = 1000 - $,502362 = 994, 497637. 
*. c = 31, 5363 nearly. 


Let 77284 x — * = 8013123. (RArHSON, XI.) 
Make x = 100 y. 


. 7,7284 y — y* = 8,013128 


M = SEE = v 2,57013 = 1,605 


YE „ 1 
8.013128 
y 
7,7284 — y* = 6,7284 6,2884 5,7684 4,3795 


= 8,013128 6,677 5,7236 4,378. 


The leaſt root appears to be between 1,2 and 1,4, but 
nearclt to 1,4 and nearly equal to 1,37; for 6,077 
— 6,2884 = „389 and 5,7236 — 5,7684 = „044. 


O + 8 o 0. 
„ 2435, — „0216 and 2 2 Ks 
20 20 0216 


Therefore ſomewhat more than two hundred parts are to 
be taken from 1,4, to give the true value of d. Since 4 
= 1,37 nearly, M— 4 „23. . . M 523 = 1,835 = 
c neauly. Hence, 1,83 was made a divider, and it 
appears that c is ſomewhat greater than 1,83. Therefore 
for the ſirſt approach make c = 1,83 + . Raphſon after 
a very long calculation makes x tobe 179,79652, an error 
which aroſe from inattentiou to the marks + and —, 
an inattention, which is very frequently fatal in ap- 
proaches to the roots of an equation in this form. This 

| | | | equa- 


1 


equation alſo Baron Maſeres ſolved by tabular nes, 
which give for the root c. 170,7 308 *, But on the er- 
ror having been pointed out to him, he ſolved it im— 
mediately by the method of approach, and conſirmed 
the truth of this ſtatement, 


Let 300 x — x* = 1000. (Raensox, XII.) 


300 d = 1090 + 435 = 1000 nearly 


1000 10 
5 — nearly 
300 
10 103 
5% 4 9 4 — ＋t 
= 3 3. 300 
bs ME — I 0.20 10 10 1 1 1 
27 300 3 3 - 5 
10 28 280 31.117 
X 14 — = — „11 — OS nes — - 
27 3 27 9.9 9 


3,4567001 2 
10 348670. _ 19 4288 


i” 


{ 


„ 


300 3 300 
3,333 + „13768883 = 3,47102216 
10 > 41,81884 
e 5 = — + — = 3433 


+ PT = N 


In the ſame manner approaches might be continually | 


made, but they are very flow, ſince a“ docs not bear a 


- 


* Maſcre's Dienten on the Uſe of the Negative 8 gn, page 255. 


{mall 


—— 2 


2 — 


> 2 — ey I 
—_—— 27. cw 


. 
2 — —— p 2 — 
— . — . — — 
+ - <> Fa . 
— * 


— — 


| 
d 
i 
4 
1 


f 
11 

_ 
Ti 

4 


4 
4 
* 
* 
* 

1 7* 
4 
« 
* 


0 


— 
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ſmall proportion to 1000. Let this equation be tried by 
dividers. 


* Hie = 10 


x =5 3 4 355 15 16 
— = 200 333,250 285,5 66,6 62, 5 


* 


300 — K* = 275 291 284 287,75 75 44. 


Hence, d is between 3,5 and 4, and is equal to 3,47 + 
z and c is between 15 and 16, and is equal to 15,3 ＋ z. 


In the former caſe, d = 3, 4729635 53338, in the latter, 
c = 15,3208887 . . . . nearly 
Let 5 * — x* = 4.» 


Here d is evidently equal to one. Therefore a which 
is equal to cf + cd 4 is equal to cf e + I. 


| 


* App; page 327. 


CHAP. 
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r. IV, 


EQUATIONS OF THE THIRD CLASS. 


EQUATIONS of the third claſs have on the un- 
known fide three terms ; and in one of their forms may 
have three roots, in others two roots, and in others can 
have only one root. 


Forms of this Claſs. 


I. * ＋ a + ' = 
1. 2. 4 + aA = bx = c 


3. a — a * — g * c 


1. a * + — Xn = 


II. J2. a — b x9 — x” 


Cc 


3.0 * — A xX*—x" = c 


III. æm ＋ ba  —ax =c 


The equations in the firſt order of forms of this claſs 
correſpond with thoſe of either the firſt or ſecond 


forms of equations of the ſecond claſs, and conſequently 


can have but one root. The ſecond order of equations 
correſponds with the third form of equations of the ſe- 
cond claſs, and conſequently equations of either of the 
forms in this order may have two roots. The third order 
has only one form, and this form correſponds, in one 
caſe, with the ſecond form of the ſecond claſs, and conſe- 

quently 


_— oo Or um oo —— 
D C - 


—— — a co 


— — — P Wo — wm — 


- Wt -. - = 
PR. — — — 522 — — — —— — . 
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— — — — 
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quently can have but one root; in the other caſe it cor- 
reſponds with the third form of equations of the ſecond 
claſs, in which conſequently it may have two roots. And, 
as both caſes take place ſometimes in the ſame equation, 
this form admits of three roots. 

To make theſe propoſitions eaſier to the learner, they 
ſhall be firſt proved in equations of the ſimpleſt kinds in 
this claſs; namely, when m is equal to 3, n equal to 2, 
and o equal to one. | ; 


The equations of the firſt order become in this caſe, 
I.x Ta“ + bx=k 
2. * tax  —bx=k& 


3. * —ax — bx = KR. 


1. *» T a * +bx = c. This equation can evi- 
dently have only one root: for, if any number is added to 
or taken away from æ, the ſum on the unknown ſide is 
made greater or leſs than it was before, and conſequently 
muſt be greater or leſs than k. 


2. * Ta - k. Since * + a x* is greater 
than þ x, and by adding to x, the increaſe of x* + a * 
is greater than that of h x, the difference of the terms on 
the unknown ſide is increaſed by adding to x, and for the 
ſame reaſon is decreaſed by taking away from x. Con- 
ſequently by adding to x, the difference is made greater 
than &, by taking away from x the difference is made leſs 


l than KE. 


3. 


% 


( 49 ) 


3. — — bx = k. In this caſe the increaſe of 
* is greater than that of a x* + ; therctore by add- 
ing to x the difference of the terms is made greater than 
k, and by taking from on the ſame principle the diffe- 
rence is made leſs than #. 


The ſecond order of equations in this claſs becomes, 
when m, u and o are reſpeCtively equal to 3, 2 and 1, 
1. ax* ＋ UX — K = 
2. a * —bx — * = 
3. bx — aK — , K. 


Is a * +b x —x* = þ. In an equation of this form 
the unknown ſide does not always increaſe with the in- 
creaſe of x, nor decreaſe with its decreaſe. 


Let become x + , + being a very ſmall number, then 


ax)Jax* 2axx + x a * ＋ 2 4 ** 
+ bxp= +bx+6bx =4 +bx+bznearly 


= = 3π 34⁹ = - 3 K . 


*. 24 K + bx 3 x* x is the increaſe or decreaſe 
nearly of the unknown fide of the equation. If 2 4 x 

+ is greater than 3 *, the equation is increaſed; if 2 a x 
+ is leſs than 3 x*, the equation is decreaſed. 


Now let x be taken from x, or x be made x — +, then 


a x* ax — 24 * + x* ax* —2ax% 

+bxap=+bxa—bs _ES+6b c= nearly 

— x* — * ＋3* — 3 * A + 4 — * + 3* * 
Parr II. 9 "if Hence, 
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Hence, 3 * 4 24 * X ＋ 6 + is the increaſe or de- 
creaſe nearly of the equation. If 3 * is greater than 
2a x + b, the equation is increaſed ; if 3 x* 1s leſs than 
2 a x + , the equation is decreaſed. As long therefore 
as 2 a x + bis greater than 3 *, the unknown ſide of the 
equation is increaſed by adding to x and decreaſed by 
taking away from x; and if it is equal to I in this ſtate, it 
muſt be equal to & again; for as it increaſes till 2 a x + 
b is equal to 3 *, from that time the unknown ſide de- 
creaſes by adding to x. And it conſtantly decreaſes from 
à number greater than & to nothing. 


2.ax —bx— x = E. In this the unknown fide 


increaſes or decreaſes by the term 2 ax + NM bx +3#*x 


when z is added to x, or by the term b * + 3 * K 24 


x x, if & is taken from x, and the reaſoning is as before. 


3. bx —ax* —x* =. In this form the unknown. 


ſide increaſes or decreaſes by the term b x + 24a 4 


O 3 * * by adding to or by the term 2 4 x x+ 3 x* x 


NA b when # is taken from x, and the reaſoning is the 
ſame as above. 


III. „ tbx—ax KE. 


In this form the unknown ſide may firſt increaſe by 
adding to x, then decreaſe, and laſtly be capable of in- 
creaſe without limit. As before, it increaſes if 3 & 4 
+ b is greater than 2 a x &, it decreaſes when 3 x* + 
＋ 3 5 is leſs than 2 4 x *, and as æ may be increaſed 

without 


1 


without limit, 3 x* „ + & muſt, by continually adding 
to x, become again greater than 2 a * „ or equal to any 
aſſignable number. Hence, if the unknown fide is equal 
to & when 3 * x + b x is greater than 2 ax , it may 
again become equal to k when 2 4 * * is greater than 
3 * + + b x x, and again equal to & when 3x*++ bx # 
becomes again greater than 2 a x . 


But an equation in this form cannot have more than 
three roots, for in either ſtate whether 2 a * à is greater 


or leſs than 3 * + + þ » &, the unknown fide conſtantly 
increaſes or decreaſes between the limits x = 0 or x 
being ſuch that 3 * 4 + bxx#=2a x x. 


Let d, , V be the roots of an equation in this form, 4 
being greater than e, and e greater than /. 


Since & KU Y- a x* = þ 
d +bd—ad'=k 
Allo & - =k. 
Therefore d —& + bx d—e ma X@ — & 
oP Ted T TI NAT: 
Allo d- ＋ Af +/*+b=axd+f 
. d Xx 24 Xe—f 
* d be +f = a. 


Hence, in equations of this form having three roots, 
a the copart of the ſecond power of x is equal to the ſum 
of the roots. 


H 2 Since 


— — — 5 ” > — 
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Since d + ed + © + b =a d e by ſubſtitut- 
ing for a its equal the ſum of the roots. 


d Ted Te E= +$e+fxXd+e 
„. G. Ted Te Sd de Td4e TY Affe 
„ =de+ df + ef. 


Hence 6, the copart of the ſimple unknown number, 
is always equal to the ſums of the a of each pair 
of the roots. 


Now d* +bd—ad* = k. Therefore by ſubſtituting 
for b and à their equalsin terms of the roots 


di de dF Te d- d' „ de TFL 
r. FTA F- Ley 
5 de K. 


Hence the known term is always the product of the 
roots multiplied together. 


If one of the roots of an equation in this form having 
three roots is known, the other two may be found by 
means of an equation of the ſecond order. For 


d' Ted 2a TAS, e dA e 
Alſo d +fd +f* +b =axd+*f 
mn TILE BER e T. 


Hence, if the leaſt root fi is known, to find the next root 
e, the equation 


* 


1 


* T TF7 TUS Xe 
would be employed. 


And to find the greateſt root 4, the equation 


a F 
would be employed. 


But they are both of the ſame form with the ſame co- 
parts to the unknown number, and may be written thus: 


* TT TF TLS FT 
| . T —af=ax—fx— x 
or b 17 — 4 * a — f— #* 


Now this equation has two roots, whoſe ſum is equal 
to a —F that is d + e and their product is equal to b + 


F —afortob—fxa—f thatisb—f xd Ae or 
de +df+ef—df—efthatistode. 


Therefore d and e are the roots of the equation x* + 
fx +/* TUS X FT. 


In the ſame manner if e had been known, the two 
roots 4 and / might be found from the equation 


* Tex 1e +b=a NK Nx. 


Or if 4 had been known, the other two roots might be 
found from the equation 


** tdxa+d* +$b=aXd + x 


Inſtance, 


| þ 
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1 
j 
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Inſtance. 


Let * —6 * + 11 x = 6 whoſe roots are 1, 2, 3. 
Suppoſe the leaſt root to have been the only one known, 
Then 
K +Ffx +/* + b = a X f + x becomes 
** +x+1+11=6X1+x 
*. 12 — 6 2 K* — x — a* 
*. 6 5X — x* 


but of25 2524 8 
= = * 
3 
2 2 
* L 22 
2 2 2 
or — 1 
2 2 
„ 
. 


The reader may try the ſame proceſs from either of the 
other two roots being ſuppoſed the only one known. 


If the equation has only two roots, then e and For 4 
and e are equal. In the firſt caſe if 4 is known, the other 
| | a — d 

2 


Or 


root 1s found by making a die 2 


(38-9 


Or if e in the ſecond cafe is known, a — 2 e = d, which 
gives eaſily the number d. Thus, let 
K* ＋ 72 K — 15 * = 112; 
the roots are 7 and 4. 


If 7 only had been known, then the root e = — _ 
ob Soren HP 
bs LIES 


If 4 had been the root known, 
4d Sa- 2 2 15 —8= 5. 


In the ſame manner one root may be found from the 
ether by means of the expreſſions h and &. For de 
that is when e = , k = 4 e* 


O —_ 


Alſo s = 2 de + e 
5 — e 
„ 
and e V= — 4 


If the equation x* +- þ x — 4 * = c has only two 
roots d e, the equation 
4* 


. 


"E 6 56 } 
d' Ted T* b e 


(] — 


has only one root, namely equal to e. For 


————— Æ jü6äʃ'k 


d' 16 - ad g a -e d- „ e N 4-4 


and ſince the two roots of the above equation are equal, 
a — 4 
2 8 


2 


a — 4 


Subſtitute 


for e in the equation 4 + b — a4 


=eXa=-d—t, 


. 4 +b=ads = FEET 


2 


S—=2ad+d x2 : 
*. 4d. +4b— 4ad=a" - 24d + @&* 
. 3 4 —2ad=a* —4b 
224 4 — 43 


*. d —— 
3 8 
ru La Ext ef E=et3 
9 3 9 
No a 1429 35 

8 3 
Alſo e = 28 121 · . ih 5 3 
3 24 —2 C4 —34 2 — Ja —36b 

89 0 — 3 — 3 


Hence, if the equation x* + bx — a * = c has only 


two roots as above deſcribed, the ſecond power of a muſt 
be greater than three times 5. 


Inſtance. 
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Inſtance. 


[ 


Let the equation be x* — 5 + * = 3 having two 


roots. 


"OY +— — _ — 
3 3 3 
= 1 and d = . 
3 3 3 


Since the equation e“ + - ae n NM -e K 


gives two values of x, which are the roots d and , by 
making either of theſe values equal to e, the roots of the 
equation x* —a #* + b x = &, when it has only two 


roots, will be found. Thus 


* XNA—e - e + b-ae 


a — e I a= . 
% 2 * > + 6.4 


Vi — . —4b+4ac 
2 "© >, _ 
A T2 — 3 — 43 
2 
a -e AVN + 24e — 34 — 
2 X = — — 
2 


That is, 4 = S cro 0 IX 
3 — 


2 


[8 


a® + 2a e—, 3 e — 4b 
2 a * 


and f = 


1 Now 
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Now let the equation x? — @ x* + þ x L have only 
two roots, then 4 or f may be made equal to e. Firſt let 


== ts © 


% 


Then e = 2=2E NEE 35=> 36546 
| | 2 


32 — 2 = Wat + 2@ae—Je'—46 
. 9 —bacÞa®=di" t 242-342 —4 1 
*. 12 * 84 — 43 
*. 24 e- 3 6 


2 ae : 3 
* — 2 — 

; 3 3 
a 4 6 

*. De af — — 
3 9 3 
= a + Wa*— 3b 

3 
4 — Jb 


The other expreſſion pn 


cannot be ap- 
plied in this inſtance, ſince e being equal to d muſt be 


a 
greater than 7 


24 4 2 — 36 _ a—2 WV a*—3b. 
8 3 3 
Hence if the equation has two roots, and the greater is 


ff =a—2e=a=— 


equal to 3 — e the ſmaller will be equal to 


As 


wit as « 4 
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As F alſo may be equal to e, and / is equal to 


8 . — 
. LOS — . 


4 — a* + 2ae—J e*—46b 
* 2 - 


e= 


*. — 32e N + 2 4 — 37 —4b 
. dl — G t 9e 242 — 3“ 4 
*. 8 ae — 124246 


3 I 
3 


a — VN — 315 
3 


4 — 


| a 
The other expreſſion — cannot in this 


+ i —36 
3 


caſe be applied ſince @ is greater than 3 e. 


3 
| dh oh. - — . Hence, if the equation has two 
roots, and the ſmaller root is equal to — - wan L, 
the greater root muſt be equal to 23 Va KA. 


3 


Thus, if the equation x? — 4 * + * = K has only 


a+ Va — 30% 
3 —, and 


the 


two roots, the one muſt be equal to 
I 2 


o = % 5 ang 
W = ” 
n > 
— 
* _ a C — 


* 
s % 
> ñ 2 — — 


* 1 — 


— — - 


. —tNdt _»W—— 22 — 


—— — 
— — — — 


ey) 


X LT 4 . 
the other to — ou Wat - — 5 the one muſt be 


3 
779 CT 


and the e Bead 


If the equation x* + þ x — a x* = c has three roots, e 


muſt be leſs than but greater than 


3 
— 42s and f leſs than 8 . 2 4 
3 | 3 
Inſtance. 


* — 12 * + 41 * = 42 
. _ 12 —i9g = 123 _i2- Vai 
5 * = 3 paper | 

12 — 4,8824 7,4175 
* — ++ 2. 
3 E 47 


The neareſt whole number 2 being tried ſucceeds, and 
conſequently there muſt be three roots. 


a + 2 V a? af —36 12+2,4,5824 ... _ 12 + 9,1648 


1 = 1 : 3 EO: | 
12 + 9,164 21,1648 
— oo rn — O © © „ 
3 3 7054 


Hence # muſt lie between 2,472 and 7,054. Alſo it 


muſt be leſs than — or 8 or 5. Conſequently 


3 being the next whole number to 2,472 is tried and ſuc- 
ceeds. 


( 6r ) 


ceeds. The third roqt therefore being equal to a — e 
— , or 12 — 3 — 2 mult be ſeven. 


If the equations are of the forms admitting only of 
two roots, by applying the ſame mode of reaſoning one 
root may be diſcovered from the other. Thus let the 
equation having two roots be of this form 

a ** + bx — x* = þ 

then a d + - d = þ 
and a e* + he — e = þ 

.*. * N —f ＋ l = d — e 

naxd+e+Sb=d +ed+ 
*. ad +ade+Sbd=d* Ted + ed 
. ad 4 ⁰ -d ed A= ade=dexd+i—=a 

Butad*+bd— d E 
„„ Ae 3 


Hence the ſum of the roots muſt be greater than a. 


Since a d + bd — = k 
14 43 de * d + e—a—ad' + d 
—- Ss 4 — 1 4 "7 


=exd+e=a—addd=ed+f—ac—ad+d& 


Let 7 ** ＋ 14 x — K = 120. 


One of the roots is 5. 
k =de dT 4 =5d4X5 + 41— 7 =120 
*. 254 ＋ 5 % — 35d = 120 
. 4 — 24 2 24 
AS NV ＋ 125 T1 2 6. 


Alſo 


8 n „ 1 5 = r : . — - 2 2 : 
= * = ” >. "Xx — — 2 
— . ˙ r — . - 


— — 


2 — 
. 
922 
— — - — 
— - p_ — = — 


. Y 


= — — 2 5 2 — 


r no Wo 2 oat tr — m0 n_——_—_—_ po rm ct oy 
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Aſob=d4 N dT -a -e Xx 42 — 
* n X 2=6X4 — 10. 


In the fame manner the expreſſion for h and a are diſ- 
covered in the form | 


ax —ba—x K 
Thus ad* —= b d— 4 = E 
: ae —be—e& =k 
*. 4a N 1 —f—bxXd—e=d— e 
*. a X AT I= Au TAT 
„ ad T ade - dA Ted +&d 
„. ad —bd—d = ed X Ei ade 
But ad = b d— d = k 
 k=edXd+e— as 
Alfob = af —4—k af —&—edxd+e—a 
4 d 
= 4a . e=ZeXa—e— d 


xd + 24. 5 


Hence, in this form alſo the ſum of the roots is greater 
than a. 


For the formb x — a x* — x* =; & the inveſtigation is | 
of the ſame kind. 


54 - adi — 4 = 
be - a — 2 K 
„*. bXd—e—aXx dt e = 4 = 
- *. 3 — N te = d' ed + eo 
dL ad ade SA Ted * 4 


( 63 ) 
bd ad —d* =edxe+d4+a 

Butbd—ad* — & = tk 

.*. K SAN FITA 
Alſo b = — 8 LE Mad, Bos Js rials ok 

- d 

ed Tae Tad T d A xa+d+Het:e 
X a+ ee. 


Hence in this form a does not depend at all on the ſum 
of the roots, and the equation may be made of any two 
numbers whatever for roots. In either of the forms alſo 
if one root is found the other may be found by means of 
the expreſſions for & and & in an equation of two terms. 


If there is only one root to equations in theſe forms, it 
may be diſcovered by means of an equation of the ſecond 
claſs. For in this caſe d and e become equal, and for the 
equations a x* + bx - x3 = | 


— — — 


SX 4AM e „ 2 —e 
That ie, if d = e 
b=da t A - a4 - 4a 4 


3 2 a 4 
TO 
1 3 
9 3 . 6 
. 3 


Hence, if an equation in this form has two roots, the 


greateſt muſt be greater than — a X37 and the 


leaſt 


— — * . 
—— — 


r wc F 2, ap _—_— 


Fs > "i 
— < — . — 


— 


— 2 
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leaſt muſt be leſs than 2. 5 PF; A 


In the equation a x* — þ -* = + 


2 „ X a—e—dXd+e—a 
That is, if 4 Se 
24a d — 4 — d — 4 4d 244 Lal 


4 2 — 20d i 
3 3 
a 
A e a b Sa —36 
Or C= = 9 3 3 
| 3 
nd = EVE 


' . 3 
Since 2 d is greater than a, d is greater than 2 nden 


| | a 
more therefore greater than —, or a number lefs 


than = "Bur — — . is leſs than 55 and con- 
ſequently this expreſſion cannot be uſed for 4 in the given 
equation: and if there is only one root, that root is equal 
a + Va*—3b | 
ns pet 2 
Hence; if the equation has two roots, the greateſt 


a + V — 3 7 
3 


to 


root is greater than and the leaſt root is 


a + Va —_ 3 
a 


leſs than 


( 65 ) 
In the equation h x — * — x = þ 


b=dxXxXa+d+e+eXa+e 
That is, if 4 = e | 
ad TA TA Fad+ & = 3d 42a 4d 


3311 
3 3 

9 12 r 
9 3 3 3 


Hence, if the equation has two roots the one is greater 


and the other leſs than — e of 


The enquiry into the roots of any equations in theſe 
forms 1s thus confined within certain limits, which, with 
the limits preſcribed by the equation itſelf, render the 
diſcovery of the roots oftentimes very eaſy. 


Let 7 x* +14 x A = 120. 


„. & X 7 x + 14 — x* =. 120 
*. 7 x + 14 is greater than »* 
Alſo d + eis greater than 7 


And d is greater than 24 439 ” 7 + 49548 


or 55 - + © » and e 18 leſs 


= LACIE LITE 


3 
than 5,5, 


But d muſt be leſs than 7, for if x = 7 then 7 — & 


+14 = 14 and 7 x 14 is only 98. Conſequently 
Par IL. K the 


( 66 ) 


the greater root muſt be between 5, . . . and 7, and the 
leaſt root conſequently between 4 and 5, ..... Hence, 
6 and 5 are naturally the two firſt numbers to be tried, 


and they both ſucceed. 
E 8 66 8 
— = 20 2 
E20 + 


7x ＋14— * = 20 24 


o 


Let 16'x* — 31 x — x* = 264. 


*. * * 16 x — 31 — K* — 264 
4 + e is greater than 16 
16 x is greater than 31 + K* 


a TV. 4 5 5 16 + 9256 — 93 or 28 


3 3 
Oy ++ 0+ and e is leſs than 9, . . « » 


or 


d < 


Hence, d 1s between 15. 2209 and 95 ON . 0 and [2 be- 


tween 5, . « . and 9 
#287 8 


204 _ 
__— e 3 
16x — 31 —K& = 24 33. 


Let 513 x — 50 x — x3 = 1062, 


. * TER == 50 * — x = 1062 
*. $13 is greater than 50 x + x* 
** x is leſs than 8 


FP va EDD 2500 + 5 Dor 


63, 


680 


rr and c io tele than 4,3 


#- © 3 
1062 
2177" 38 


513 5 — x == 177 354. 
5 was not tried as the firſt divider becauſe © would 


have given a remainder, and 513 — 50x — x* mult, if x 
is a whole number, be a whole number. 


The expreſſion for the root in equations of the forms 
admitting two roots when they have only one root may be 
diſcovered by another method. Since they are ſuppoſed 
to have only one root, that root muſt be ſuch as to make 
the unknown ſide the greateſt poſſible ; and by adding to, 
or taking from the root, the unknown fide is decreaſed. 
Conſequently, if M is that number which makes the 
unknown fide equal to G or the greateſt poſſible, then M 
+ y or M — = being ſubſtituted for x will make the un- 
known ſide equal to the ſame number. Let 


a ** +tba—xo = þ. | 
Then a M. LEV M- M G 
ax) aM+2aMy+ay 
+ bx>+þbM +6by = 
— 2 — M 23 MVH -M- 5 
a M' —- 24 Mz T4 * 
=>+b6M — 22 
M CT＋T＋ AMA —- 3M ZO 
*. 24 MXYTZTCTXY TSM YT A 
CCC 
K 2 * 


( 68 ) 


_ —p 


2 


„. 24a MTM + — 


e 3 


88 5 
2 

be equal to nothing, for z and y may be leſs than any aſ- 

ſignable number as well as different aſſignable numbers. 


muſt 


o*% 24M+b = 3M: 


5 M. _22M 8 5 
72 = 3 
; Mm. i+ VE +36 
ON = — : : 


In the ſame manner for the other two forms M will be 
found by making x = M +y andM — >, and the re- 
ſults from the ſubſtituting of theſe terms for x equal. 


Hence, for the equation a ** — þ x — x* = &. 


2aM — 3 M- =b 
and for the equation b x — a x* * = k 


b=2aM + 3M. 


Alfo for the form admitting three roots there will be a 
number between e and F which makes the unknown ſide 
greater than any number between e and / can do. 'There- 
fore M + y, or M— ſubſtituted for x in the equation, 
may make the unknown fide equal to the ſame number. | 


x? 


( 69 ) 
* (W+3W y+3My* +y) 


— 4 M - 24 My - 495 = 
+ bx +bM+by 
M. — 3M*z + 3 M22 - 
= A- M TLꝛaa MZ — a 22 
+bM—6sz. 
* 3 M' xXxz+y=2aMxz+z—b.xz+y 
+t3Mxz—f—axz—y 2 ＋* 


A —B 
"I M*—=2aM—5b 
| L 4 3% 
T 6 .2aM I- 
3 3 
3 4a ＋ Va — 3b 
fs 3 


In this caſe the expreſſion 24 9 — 3 ? cannot be 


a ＋ Va  —3b 
3 


applied. For — is greater than 7 2 


Therefore 2 M would be greater than Conſequent- 


ly a — 2 M which is equal to 4 would be leſs than 7 or 


the greater root leſs than the ſmaller, which is abſurd. 
Hence, if the equation has only two roots, the leaſt is 


equal to — * 


Alſo ſince a — 2 M d and M = — wal 5M 


3 


a 


o 
— — — 


— —— nad 
— — 4 - ry — 5 


— — 
= 5 - 
ä „1 rr 


— 


pw 


41699 
22 — 2V — 37) 


42 — — == XA“. 
3 3 


Hence, if the equation has two roots the greateſt root 


muſt be equal to ETD x —36 ET I aad the leaſt muſt 


be equal to — . _ 37 


Alſo in this form there may be a number between 4 
and e, making the unknown fide leſs than any other 
number between d and e can do; and conſequently, if 
this number is called M, then M + z and M — y ſubſti- 
tuted for x may give equal — Hence as before 


i Md 
2 a M — M* 
3 t 


* VEL EM 


. * a + Wat —3b 


. b — 
"Hg 


w| 8 
O 
— 


—. — —3b 


In this caſe 


cannot be applied for 


2a 22a — 3b _ 


a — 2 M = = — 
F = a ; 


2 12. —3b 


a 
a number greater than Th and con- 


ſequently 


1 
ſequently / che leaſt root would be greater than M, which 


35 abſurd. Hence M = — _ 3” 


Hence if the equation has three roots V is leſs than 


a—Va'—3b a—Va"—3h 


e is greater than — but 
Wa — 
leſs than — 3 . 2 1 and d is greater than 
a + VV MY 36 
3 


If the equation has two roots, then one is equal to 


a+ N. 37 a—2\/a* —3 — I. 
3 3 


—3 ad the other is equal to 


ho a — 8 — 30 
or one 18 equal to A. 3 and the other is e- 


4 ＋L2 Va 35 


ual to 
bs 3 


If the equation has only one root, then no numbers 
M— z, M + y, can make the unknown ſide give equal 


reſults, and the expreſſions a + V. — 3 b become im- 
poſſible, or 45 is either equal to or leſs than 3%, in cither 


of which caſes Wa* — 3 6 cannot expreſs any number 
whatſoever. But ſince the two roots of the equation 


a + Wat — 3b N a—2 NV 3 
3 


— 2 may approach near- 
3 


cr 


672) 
et to each other than by any aſſignable difference, they will 


approach nearer to : than by any aſſignable difference, 


and the ſame may be ſaid of the two roots — 1. 4 . 


2 2 ni that is, the equation will have only 


1 a 4 
one root when it is equal to 3 and a* = 3b, or if à is 


leſs than 3 5 there can be only one root. There may be 


alſo only one root when a* is greater than 3 3, in which 


caſe the root muſt be greater than * 3:2 On 39 


or leſs. than 2 —30. 


3 


Inſtances, 


Let & — 12 * + 47 x = bo. 


11 Hci 2 —3b _ 12 — V/144—141 __ 
5 3 85 3 


(19353 


Hence, if the equation has three roots, one muſt be 
leſs than 3, . « . . the next greater than 3, . .. but 
leſs than 4, + « . . and the third muſt be greater than 
45 © ++ „ 


= 3.4 
60 
= — 20 15 


Since 3 and 4 are roots, the third root is found by 
taking away 3 + 4 from 12. Or the third root is 5. 


Let & — 18 x* + 105 x = 200, 


a — V EG — 33 Tn 18 — V 324 — 315 


3 3 MO" ML 
a + eee e 
3 
& = 5 
— = 40 
* 


** — 18 x + 105 = 40. 


Since 5 is a root, the equation can have only two roots 


a” — Jb 
a + 2 a T2 


and the ſecond root is equal to 


0 +6. 


— —— 
— 


3 


PART II. I. Let 


= © - 
1 — —— en SIRE 


o —_— 


* 
— 1 11 5 
2 = - 
— - — 
— — — 
= — —— — 


( 74 ) 
Let & — 16 a* + 157 x = 98. 
462 S. — 3b 


— 16— — __ 16 — 5 
3 2 3 3 
4 
— 3 — 25 
a 14 ⏑ ˙ —36b „ 
3 5 
x 3 7 
—— = 14 
* | 
* — 16 x + 77 = 14- 
Since one root is equal to "5 * — the other 
IE 1 — 25 _ 
muſt be equal to E 2 L = — or 5 
| 3 3 
or 2. 


Let * — 12 * 2 48 1 64. 


2 — V — 3b 12— 144 — 144 
M — = — = Ws — = 4. 
3 3 
Here a = 36. 


and 4 is therefore the only root. 
Let à = 6 * + 20x = 15. 


Here 36 is greater than 4, therefore the equation has 
only one root, and this root muſt be leſs than 6; for if x 


18 


(DI 


1s made 6 the unknown ſide becomes 120. And if 20 x 
=bax*orx = —=3 3 then x* is much great 
— 6 — Js 3 0 | greater 


than 15, Therefore the root mult be leſs than 3:3- 
The numbers 2 and 1 therefore naturally preſent them- 
ſelves, and 1 is the root. 


Let & — 8 x* + 20 x = 400. 


Here a“ is greater than 3 5, but the root cannot be leſs 


2 . 82 2 


= 2, as is evident 
from inſpection: therefore the equation cannot have three 


Aldo L — 32 _8+4 


— — 


roots. = which 1s 


evidently leſs than the root. Hence, this equation can 
have only one root, and this root muſt be greater than 8; 
for if x = 8ora* = 8 a* then the unknown fide = 
20 x = 160, a number leſs than 400. 


Since 10 is 2 divider of 400, it naturally preſents itſelf 
tor trial. 


* 10 
400 I 

— —— 0 
- 4 


K 28 + 20 = 40. 
Hence 10 is the only root of this cquatiou. 


L 2 | Let 


(76) 
Let x* - 17 * + 54 x = 350. 


42 — Ho = 36 — 19 — 9289 — 162 17-127 
Lok 3 5 3 


FR id Shan"; eee 1 = 16 which fails 


3 3 
a +2\/a = 3h 17 + 11, .... _ 28, „ 
. EL NS 
9, + + « . Which fails; for if x is 9, the unknown ſide is 
impoſlible, | | 


* = 14 15 
350 


* = 25 23Jz + + + + 


* —17x + $4= 12 24. 


Hence x is between 14 and 15. 
Let x* — 65 * + 914 x = 98746. 


5. 23 — 6,5 2* +,9,14 2 = 98, 746 


And z x 2 — 6,5 1 9,14 = 98,746. 


If =0,;zorXt = 6,5 then 9,14 2 will be leſs 
than 98,746, conſequently = muſt be greater than 6,5, 


4 ＋ 2 — 3b__ bg + 2\/ 42,25 2742 


3 3 
6,5 +24/14,83 __ 6,5 + 6, Cas bes 1 a 
V 


Conſequently there can be only one root, and that 
greater from a preceding conſideration than 6,5 


2 


19 


1 — 7 7,2 7,1 
98,746 
. 40 * = 145 . 13,71 13,9 


2* — 6,5 2 + 9,14 = 12,64 14,18 13,40. 
Conſequently z = 7,15 + y. 


Here it may be obſerved that there is not much diſſi- 
culty in finding the lower numbers; for z* — 6,5 z + 


9,14 is reſolvable into z Xx = — 6,5 + 9,14. Conſe- 
quently when z = 7,1, the expreſſion is 7,1 x 7,1 — 6,5 
+ 9,14 or 7,1 x „6 + 9,14 = 4, 20 + 9,14 = 13,40. 
By means of a bookof logarithms the middle row might 
be continued without difficulty, and thus five or fix fi- 
gures might be eaſily found for the root. 


In ſearching after any one of the roots in the forms 
admitting two or three roots, the ſame methods are to be 
applied as if the equation had only one root. For within 
the limits, within which the root undcr examination hes, 
any addition to x makes the unknown fide increaſe; any 
diminution from æ makes it decreaſe. Conſequently the 
reaſoning uſed in forms admitting only one root is appli- 
cable to the other forms, Theſe forms are, as was ſaid 
before 

x* + ax*+ b x = Þ 
* —ax —bx K 
* Ta -H ie AK. 


For the equation K ＋ a + b x = & it is evident 


| ik 7 Fd | 
that & is leſs than For than PP 2 than ; , conſe- 


quently the leaſt of theſe numbers will be the neareſt li- 
mit, 


( 78 ) 


mit, and by ſubſtituting this limit for x another lefs than 
x may be found. 


Let x* + 12x* + 42 += 261. 


„ & X x* + 12x + 42 = 261 
x is leſs than 4/261 or 6. 


x is leſs thanV . Ali, . . 0 45, 


12 
x is leſs than 2 or * or 6, 19 
X — 
- = 6,5, . . 87. Therefore x = 3 


* ＋12 x + 42 = 106 87. 


Let & + 74 + 8729 x = 560783. 


#= 102 
*. 2* + 7,4 2* + 87,29 z = 560,783 
2 is leſs than 560. 783 or 8, .. .. 


| 60,783 
z is leſs than u or 8 


754 
x is leſs than 5229753 er 6 - | 
87,29 
78 
D 1 140,195 133,519 135,193 


XX ® + 7,4+87,29=149,29 132, 89 136,01 135,191104. 


Hence 


( 79 ) 


Hence z is very nearly equal to 4,148 or is equal to 
4.148 ＋ v. 2 


Thus 4,148 + v might be uſed for the firſt approach 
to x, but the method of dividers points out a nearer num- 


ber. 
130,01 — 133,519 = 25491 
135,193 — 135, 191 104 = % ͤ . 


Sum = 2,493 
Difference between 4,148 and 4,2 = ,052 and 2503 


3 


= 047 and ,047 „ ,05 = 400234 = ,002,,.. nearly 
*. K = 4,14805 nearly. 
Conſequently for the firſt approach 4,143805 + v might 


be uſed, or the proceſs might be continued farther by the 
mode of dividers, thus : | 


Increment of z* + 7,4 z + 87,29 =2 zz + 7,4 2=+x* = 


2 K 2 2 + 7,4 + 2 
& = 4,148 and z = ,00005. 
Increment of z* + 7,4 2 + 8,729 = 
8,290 + 7,4 + 00005 X 00005 = 40007848025. 
To this add 135,191104 and z* + 7,4 z ＋ 87,29 by this 
increaſe from 4,141 to 4,1105 becomes 135,1918888025 
E = 4414805 45148051 
560,783 _ | 
4,i4805 EIS 135,19196 


* + 7,42 + 8,729==135,1918888025 135, 191900498601. 


Hence z is evidently greater than 4, 148051, and for the 
firſt approach 4,148051 + 2 might be uſed. 


This 


66800 


This number agrees with Raphſon's ſolution, who af- 
ter three approaches makes the root 4, 14805 14. 


The advantage in uſing dividers is this. The lower 
ſeries is eaſily found by deriving each term from the pre- 
ceding by its increment, and when the root does not con- 
faſt of a great number of figures, the diviſion requiſite for 
the middle ſeries is not very troubleſome. Alſo the num- 
ber laſt found in the lower ſeries ſerves in the firſt ap- 
proach and ſaves a tedious multiplication, Thus if z = 
4,148051 +vora+ wv 


*. 44148051 + v x 
a” + 7,4 a + 8,729 +2av +v* + 7,4 = 560783. 
But a* + 7,44 + 8,729 has already been found to be 
equal to 135,191900498001 
© *. 44148051 + v * 
135 191900498601 + 2 a V+ v* + 7,4 v = 560,783. 


But by the method of dividers only two figures are 
gained by each trial, whereas by ſubſtitution when v is 


very ſmall, the number of figures is frequently more than 
doubled. 


In the firſt inſtance x* + 12 K* + 42 x = 261,* & was 

| 261 

x*+12x +42 
261 

4 +124 + 42 


found to be leſs than 4, . . . . and as x = 


if æ is leſs than 4, æ muſt be greater than 


261 261 


W F 222 


* 


* Page 78. 


Hence, 


( 8x ) 


Hence æ muſt lie between 2, ....and4, ... 


In general let a ̊ 4a + b x = & let d be the leaſt 
* 

4 ＋ AAN 

is leſs than x. Thus the firſt number to be uſed by the 

mode of dividers is confined within ſufficiently narrow 

limits. 


number found which is greater than x. Then 


Let » = aa* —bx = I. 


* is greater than a x* + U 
*. x* 1s greater than a x» + . 


Letax + b = 44. 


*. x* 18 greater than c* 
*. is greater than c. 
But **= kt + ax* ＋ * 
*. x is greater than VHT ac? + be 
Allo if —k =aax*+bx 


*. x is greater than \/ k 


Alſo is greater than a and » than / b. 
Let x* — 15 x* — 229 x = 525. 


x is greater than y/ 52; or 8, 
x 18 greater than 15 
x is greater than 229 or 1, 
x* — 15 x 18 greater than 229 
*. x is greater than 244. 


E 
— 


< aGm_—_- - CO 


— 


x = 25 
825 
* 
** — 15 x — 229 = 21. 


21 


Let x* — 10 * — 91 x = 16, 


x is greater than Vi or 22 
* is greater than 10 


u is greater than 4/91 or 
* — 10 x is greater than 91 or 1555 


* = 16 1568 15,817 
16 
3 = 1 1,0126 1,0115 

* a 

x X x —40 — 91 = 5 „64 1,007 459. 


Hence x = 15,8172 + 2, 
Let & La —bx=k. 


Then x* + a x is greater than 6b 


V ＋ 47 — 4 
2 
** S ⏑ EX - a K* 
If b * is greater than @ x* or 6 greater than a then x 13 
greater than of 3 
ut if bis leſs than @ then x is leſs than V I. 


Alſo a ** S k + b x — . 


«* x 18 greater than 


. 2 | k 
If b is greater than +* then & is greater "EP 85 
| TP” a 
But 


Ba oe 


But if 6 is leſs than +*, then x is leſs than 9 25 


44 


Let * ＋ 4 — 17 * S 12. 


5 16 + 78 — 
x is greater than * — or 2. . . alſo x is 


3 bs - 
greater than v fa or 2, @ © 's ©.» and 18 greater than 


Wera 


* 2 3 
12 
3 
x* ＋ 4x—17 = 4 


| 
+ 
3 
[| 
+ 


Let * + 22 & —103 x 4. 


= | 

. a 94 

is greater than V | + þ — 7 121 + 103 
2 


— ys - TI OT Þy ©. 


[] 
+ 


N 
4 
— 
* 
** ＋ 22 x — 103 1. 


Let x* + 6x* — 183 x = 2704. 


1 4 | 
is greater than A e + 183 — 3 or 10. 


x is greater than * or Jie or 14. 
; kt 270. 
„ leſs than V. Tor V, foray... 
a 


M 2 * 


* 8 1 10 
2704 


* 


** + 6 — 182 = 132 169. 


= 180 169 


Therefore x = 16. 


ANOTHER mode of diſcovering the number of roots 
in the equation & — a * + b x = & 
x* may be taken, firſt leſs, then greater than @ 45. 


If is taken leſs than a, then the unknown ſide is leſs 
than h x; and if » is made equal to à then the unknown 
fide is equal to þ x. Conſequently, if 5 a is equal to or 
leſs than E no number leſs than à can make the unknown 
fide equal to æ; and ſince the unknown fide always in- 
creafes, from the time that x is equal to a, by adding to 
x, the equation can have only one root. Hence if b is 


. * * 
equal to or leſs than — the equation has only one root. 
a 


When - is taken leſs than a, 
ax —x =bx — |. 


When » is taken greater than a 


3 — = t— þ x. 


X 
In the firſt caſe, namely, when a * — 4 is equal to 
bx — 4, let * — k = m , m being a variable num- 
ber and 
ax — & A mii 
or a x - = Ms 


Now the ſide & 4 — x* firſt inereaſes and then de- 
creaſes; 


1 


. * - 
creaſes; but being equal to “ — — mult as x increaſes 
| x 


- PRC. ; a 
always increaſe. a x — a* is greateſt when x = —- Con- 
| 


ſequently, if in this caſe a » — * is leſs than m, no 


. a . . . . 
number greater than _ can be ſubſtituted for x in this 


equation, and this equation admits only of one root. 


Hence the given equation x* — a x* + þ x = & cannot 
2 2 


EEE 1 
have more than two roots if 7 is jeſs than m. If — is 


| | 6 
greater than m ſome number leſs than — will make 4 = 


— K equal to m, and then if the increaſe of a x — a* 
in that caſe is greater than n, ſome other greater number, 
but leſs than a, will make a x — »* 
and thus the equation a x — x* = m will have two roots, 
and conſequently the given equation x* — @ax* + bx = 
T will have three roots. Now m begins to exiſt at a cer- 


equal again to m, 


. 4 P * 
tain value of x, namely, when x = 97 and its increaſe 


is greateſt at firſt, but grows continually leſs and leſs. 
Alſo the increaſe of @ * — & is greateſt at firſt and con- 
ſtautly diminiſhes. Hence, m may become equal to 


0 a * 2 
a x — x* before » is equal to . and then its increaſe 


may be leſs than that of a * , conſequently the e- 
quation will have two roots. But if the increaſe of m 1s 
greater than that of a x — *, when m firſt becomes 


a 
equal toa x — x*, and is alſo greater when x = 2 then 


there cannot be another root to the equation a x — x* = 
| _ 


2m 
SIS IE 


18 —=/324— 315 


98 


( 86 ) 


n, and conſequently the given equation will have only 
two roots. A few inſtances will make this ſubject very 
eaſy to the learner, 


Let x* 18 * + 105 x = 200. 


When x is leſs than 18, 105 * may be greater than 
200, Conſequently a x - x* = m. 


Let x then a x —x* and n = 105 — 22,2 = 
82,7. Hence the equation a x — +* = has only one 
root, and therefore the given equation has only two 
a -l. —3b 

— Fer 


roots. By trying the expreſſion = 
3 


or 5 it appears that 5 1s a root, and 


3 


—3 3 
conſequently the other root is eat. 1 a — or 8, 


Let x* — 16 K* +937 * i 


Tf is leſs than 16, 47 x may be greater an 98, 
therefore 16 x — x* = m. 


If x =>. then 16 x — K* * = 64, and m = 7] — 
F =77 — 12,25 = 64475. 


Hence, the given equation has only two roots; one of 


at+V &—3b 16+W256—231 


which conſequently is —— 7 1 r—— ; 


- 


Or 


Ce: OF" 


Ib+ 55 
or ——— or 7 or 3. If 7 is one root, then 


16 — 2.5 


or 2 is the other root, and either 7 or 2 being 


tried ſucceeds, conſequently the two roots are 7 and 2. 


Let * — 12x* + 48 * = 64. 


If is leſs than 12 then 48 * may be greater than 64, 
and if x = 6 then 12 x — x* = 36. But m = 48 


5 8 
= 5 = 48 — 10,66 37,33. 


Hence it might be preſumed that the equation has two 


roots; but on applying the expreſſion = —.— 3.0 


it appears that a* = 36, and conſequently this is the li- 


bs \ | @ | 
miting caſe in which there is only one root — or 4. 


Let * —6 x* + 20 x = 15 


If-» is leſs than 6, 20 x may be greater than 15, and if 


is made equal to 3, then 6 x — n q and m = 20 — 
15 
2 15. 
3 | 


Hence, the equation has either three roots or only one. 


© 
If there are three roots one mult be greater than — or 2; 


but 2 being tried is found to be greater than the root, 
conſequently the equation can have only one root unity. 


Let 


4 
] 


i 
aa 
Y 
þ 
8 
þ 
| 
7x 


( 38 ) 


Let & — 8 K* + 20 x = 400. 


If is leſs than 8, 20 x cannot be greater than 400, 
therefore the equation can have only one root, which 
is ten. 


Let x* — 8 x* +20 * = 13. 


If x is leſs than 8, 20 * may be greater than 13, and 


if x is equal to 4, 8&x — ** = 16, and m = 20 — 2 


| 4 
= 20 — 3,25 = 16,75. Hence there is a preſumption 


that the equation has only two roots, which is increaſed 
by a* being greater than 3b ; but 4 and 3 are greater than 
the root, conſequently the equation has either three roots 
or one. But if it has three roots, one muſt be greater 
than 2, . . . . but any number greater than 2 makes the 
unknown fide greater than 13, and conſequently the 
equation can have only one root unity. 


Let & — 12 x* + 41 x = 42. 


If x is leſs than 12, then 41 x may be greater than 42, 
and if x = 6 then 12 x — x* = 36, and m = 41 — 
42 
6 
one root; but if it has only one root that root muſt be 


a—=2\S/a*—3b a+2/a*—3b 
3 - 


= 34. Hence the equation has either three roots or 


leſs than 


or greater than 


1222 V 144 — 123 
3 


or leſs 


that is, it muſt be leſs than 


than 


6890 
than unity, which is evidently impoſſible, or it muſt be 


12+2\/ 144 — 123 


3 
trying the latter ſuppoſition, it appears that 7 is a root, 


greater than 


or greater than 7. On 


and the equation therefore has two other roots which are 


eaſily found to be 2 and 3. 


Let & — 15 x* + 63 x = 50, 
If is leſs than 15 then 63 * may be greater than 50, 
and if x = 2, then 15 x — x* = 56,25 and m = 63 


— = = 63 — 6,66 = 56,33. Hence the equation will 


2 
have only two roots, or if it has three, two will be very 


a+ a*—2 b ie + 4/225—189 
near to each other, 2 36 — +2 3/525 9 


3 3 
or; | 
* : 
* = 3 1 
a 2 
= = 16,6 7,1 50 


x =-— 15x +03 = 27. 7 49. 


On trying 3 it does not ſuccced ; but 7 is very near to 
the root, conſequently two roots are nearly equal to 7, and 
the other root muſt be nearly equal to one. On trying 
unity it appears that it is ſomewhat leſs than the root, 


This method of finding the number of roots is im- 
proved by comparing together the increaſe of a x — «* 
and m, when x is increaſed by a number æ. 
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By adding & to x, a x — * becomes 
an Fa — 2 * K — 42 


take away ax — 2 
The increaſe is a #— 2 * — for; X a—2 * — x 
2 
8266 — — 
X 
R h 
n increaſed = þ — 
* * 
0 * 4 þ * E x 
* XxX + x * x x* 
þ =D 43 - * * —2 * Tan-, 1 
n — — . > 4 — 
a3 * 11 —1 1 * Xx + I * 
tx  þ x 4 * x* E gn=2 i 
* * * W fe 1 —1 ** 
1 
x + 1* 


And this increaſe, if x is very ſmal}, is very nearly 


| * R x 
1 ** * 


Conſequently the increaſe of a - is to the increaſe 
þ . 
of n as — 2 x to — nearly. 


Let x* - 8x* + 20% = 12. 
£ 3 


* 


I . I . 
Here m ='20 - and begins from = that is, n can- 
= 


I 3 
not be leſs than or equal to = Hence unity is taken as 


the firſt value of x in comparing a x — with m, or 8 x 


: 7 ? i 
— x* with 20 — , and it appears that if x = I then 


8 


EN 


1 
8 * — * = 20 — = = 7, conſequently unity is a root 


of the propoſed equation ; and here the increaſe of m is 
greater than that of a * — *. If + = 1, the increaſe 
of m = 6,5 and that of ax — * = 5. If + again is 
equal to unity, ſince x is now equal to two, the increaſe of 
a x — x* 1s greater than that of mn, but m is greater than 
a x — x* when x = 2, and is allo greater than a x - * 
when x = 3, but they are ſo nearly equal to each other 
in this laſt caſe, and the increaſe of a * — x* is ſo much 
greater than m that the trouble of comparing the farther 
proceſs of the increaſe of each is greater than that of try- 
ing the equation by means of the diſcovered root unity. 
From this root, by means of the equation 


ä en 4e IU Za Ne 


or * + * + 1 +20=8 XxX ＋ 1 
o13=7 — x 


2 
it appears, that there cannot be another root, for 2 is 


leſs than 13. But as 2 1s nearly equal to 13, the rea- 


ſon of the above proceſs being troubleſome is apparent. 
Let x* — 18 x* + 105 x = 200. 


200 


Here the limit of n is or 1, + + « aud when & 


T bur whens="2; 
the increaſe of M is to that of a x — & as 50 to 14, and 
when x = 5, the increaſe of m is equal to that of à x . 
Conſequently a x — x* is equal to m when x is either 

N 2 | equal 
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equal to five or nearly equal to five. On trying five, it 
appears that five is a root; but as the increaſe of m is 
again equal to that of a x — x*, when x is ſome number 
between 5 and 9, there will be another root to the equa- 
tion, and conſequently the given equation, ſince it can 
have no root when x is equal to or greater than 18, can 
have but two roots. 


Let x* — 16 * + 77 x = 98. 


The limit of m is 75 or 1. . . . Conſequently 2 is 

tried for x, and it appears that 16 x — x* is then equal 
8 

to m or 77 — = The increaſe of 16 x — x* is firſt leſs 


than that of , and then greater and then leſs again, and 
they are equal when x = 7. Conſequently. the other root 


will be either 7 or nearly equal to 7, and as 7 ſucceeds 
there can be no other roet. 


One advantage attending this mode is, that it gives 2 
learner a practical knowledge of equations, which will 
be very uſeful as he adyances in ſcience. 


Equations of this form may be changed into equations 


of the ſecond order, and thus admit frequently an caſy 
mode of ſolution * 


x* — 4 +bx IM. 


* Sce Part I. page 139. 


Let æ == + 2. 
3 
a | a\* ; 
57. N g + 3-4 * + } — 8 4 2 
— a Ku a „ 2. 
3 
＋ 7 2 5. 223. 8 


. 5 a 
In the new equation, one term is z* X 8 — a, that 


isz* X a—a oro. Hence, in any propoſed equation of 


. . a F 
this form, by making x equal to I + 2, anew equation 


of the ſecond order is the reſult, in which there is not 
an unknown number raiſed to the ſecond power. 


Inſtance, 
x3 — 3x* — 36 x = 342. 
Let x == +3=1+) 


. * r 
3 =-3 — 5-3 = 342 
— 3D x — 36 — 3695 

„. — 38 — 30% + = 342 
. 9 — 397 = 350 


„ 20G 9 
380 
3 47,5 42,22 


© 1 2 


ſolving the original equation * — 3 x* — 36 x = 342 
in its preſent ſtate, and having diſcovered that x is near- 
ly equal to ten, he will make it equal to 10 + 2, and 
then procced by the uſual mode of approach. | 


By changing the equation in this manner the root may 


be diſcovered by a compariſon of the dividers of the 
known terms in the original and the new equation“. 


4 68 12 24. 
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*. „ =9 + 2 
> 729 + 243% +27 % 1. 380 
e 
. 378 +204 z + 27z' + * = 380 
*. . 204 & = 2 — 27 & — 23 
23 
5 0 68 2 — „668 — 9 2” — 1 
*. & = „0097912 and y = 9 + 2 = 9,0097912 
Butx=1+y .*. x = 10,0097912 
*. * = 1002,940236966582020054528 
— 2x = N wii 2 Os 
— 36 x = — 360,3524832 4 
Sum = 660, 940242802792 32 


*. * — 3a*— 36 2341, 9999941637 8970054528 
which 1s leſs than 342 by, O00 583, &c. 


The learner will ſee the advantage of this change by 


Let & + 3 + 2 x = 24. 


x is a divider of 24, and the dividers of 24 are 1 2 3 


* See Part I. page 145. 
The 


(09-3 


The new equation is) — y = 24. 


y is therefore a divider of 24, and y = x + 1. There- 
fore, by adding unity to one of the dividers of 24, a num- 
ber will be found which is alſo a divider of 24, and con- 
ſequently may be a root of the propoſed equation. On 
examination there are three numbers anſwering to this 
condition 1 2 3. Conſequently one of them muſt be 
the root of the propoſed equation; but if x = 7 then a*_ 
is alone greater than 24, and 3 cannot be a root. Unity 
alſo cannot evidently be the root. Therefore 2 is the root 
of the given equation. | 


Let x* — 18 * + 105 x = 200. 


Dividers 1 2 4 5 8 io. 


Let & 2 6 + 5. 


The new known term is either 200 — 6 + 18.65 — 
105. 6, which is equal to 2, whoſe dividers are I and 2. 


Hence 4 5 8 anſwer to the conditions, and they can- 
not all three be roots, for 4 + 5 + 8 is not equal to 18, 
and 8 and 5 being roots there cannot be another root, for 
6, which mult be the root, if the equation has three roots, 
is not a divider of 200. 


If x had been made equal to y — 6 the new known 
term would be 200 + 6* + 18. 6* + 105 . 6 or 1694 
whoſe dividers are 1 2 7 11 14, and conſequently x is 
to be looked for among the numbers 7 — 6, 11— 6, 
14 6 or 1, 5 and 8, and, as before, the two roots are 
found to be 5 and 8. 


Let 
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Let x* — 12 x* + 48 x = 64. 


The dividers of 64 are 1 2 4 8, the new known 
term is 64 F 64 + 12 x 16 F 48 x 4by making x = 
4 + y, chat is o or 512. Hence it is evident that x = 4. 


This mode of ſolution can ſeldom be applied with ad- 


vantage unleſs the copart of the ſecond term a & is divi- 
fible by three. 


The rule of double poſition for the ſolution of equa- 
tions is recommended by ſuch high authority that it de- 
ſerves particular examination, and to do this with greater 
juſtice, the rule ſhall be given in the recommender's words, 
together with his own example, to be compared with the 
ſame equation ſolved by the method of dividers. | 


© RULE. 


& 1. FIND, by trial, two numbers, as near the true root 
as poſſible, and ſubſtitute them in the given equation in- 
ſtead of the unknown quantity; marking the errours 
which ariſe from each of them. 


«2, Multiply the difference of the two numbers, found 
by trial, by the leaſt errour, and divide the product by the 
difference of the errours, when they are alike, but by their 
ſum when they are unlike. Or ſay, As the difference or 
ſum of the errours is to the difference of the two numbers, 
ſo is the leaſt errour to the correction of its ſuppoſed 
number. 


« 3. Add the quotient, laſt found, to the number belong- 
ing 
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ing to the leaſt errour, when that number is too little, but 


ſubtract it when too great, 
true root nearly. 


and the reſult will give the 


4 


* 4, Take this root and the neareſt of the two former, 
or any other that may be found nearer; and by proceed- 
ing in like manner, a root will be had ſtill nearer than be- 
fore; and fo on to any degree of exactneſs required. 


« EXAMPLE. 


*'To find the root of the equation & + x* + x = 109, 


or the value of x in it. 


Here it is ſoon found that 
x lies between 4 and 5. Af- 
ſume therefore theſe two 
numbers, and the operation 
will be as follows: 


11k Sup. 2d Sup. 
:. 5 
16 - „„ - - . 25 
64 - - x* = - 125 
84 = ſums - 155 
—16 - errours - +55 


the ſum of which is 71. 
Then as 71: 1:: 16 : 225. 
Hence x = 4*225 nearly. | 
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« Apain, ſuppoſe 4˙2 and 
4˙3, and repeat the work as 
follows: 


1{t Sup. 2d Sup. 
os LT EY 
17:64 „ = 18449 
74088 - a* - 79507 
95-928 - ſums - 102297 

— 4*072 - errours - +2297 


— — 


the ſum of which is 6˙369 
As 6*369: 1 : : 2*297 : 0:036 
This taken from 4:300 


leaves x nearly = 4264 


G Apain, 


6989 
« Again, ſuppoſe 4'264 and 4.26, and work as follows: 
4-264 - * - 4265 
18.181696 - x? - 18.190225 
77526752 * 5 77˙581310 
99.972448 


— 0027552 - errours 


a 


ſurs - 100%036535 


+ £*036535 


— 


the ſum of which is 064087. 


Then as 064087: O:: 4264 : 0:0004299 
To this adding - 4264. 


gives * very nearly = 42644299.” 


| The ſame example worked out by the mode of di- 
viders. 


Let x* + x* + x = 100. 


n — 


Therefore x * x* + x + 1 = 100 
If * 4 5 4,26 45,27 


100 | 
— . = 23 20 23.4741 23,4192 
= 21 31 23,4076 23,5029 
Diff. = 4 11 50665 „0836 
4 8 _ 266 


, 


Hence 4,26 muſt be a nearer value of x, and on try- 
ing 4,26 it appears to be ſo near to x that 4,27 muſt be 
greater than x. 


,0605 
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— D050 = 22 =,or 501 and Ru... 
10 10 c 501501 


4,430. 


Hence, x is equal to 4, 26443 nearly. 


By the mode of double poſition, the firſt ſtep gives 


4,225, and to do this the diviſion of 16 by 71 to four 
places is neceſſary. 


By the mode of dividers the firſt ſtep gives a nearer 


number for the root, namely, 4,26, and a diviſion by one 
figure only is neceſſary, 


By the mode of double poſition, the ſecond ſtep gives 
4204 ; but to do this the numbers 4,2 4,3 mult be raiſed 
to the third powers, and 2,297 mult be divided by 6,369 
as ſar as four places, 


By the mode of dividers, the ſecond ſtep gives 4, 26443, 
and to do this 100 muſt be divided by each of the num- 
bers 426 and 427 to fix places, and the numbers 4,26 and 
4,27 muſt be raiſed to the ſecond powers or derived by 
the mode of increments more eafily from the value of x* 
+ x + 1 when x= 4. 


By the mode of double poſition 4,264 and 4,265 muſt 
be raiſed to the third powers, and 4,264 is to be divided 
by „06408 7; and when this operation is performed the re- 
ſult is very nearly the ſame with that obtained by the 
mode of dividers by two operations, each eaſier than the 
correſponding operation by the rule of double poſition. 

O 2 Thus, 
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Thus, by double poſition x = 4,2644299 
by dividers - * = 4, 2644303 


difference = - = 0,0000004 


Hence it appears, that the mode of dividers is far pre- 
ferable to that by double poſition, and the number 4,264.4 3 
having been obtained x ſhould be made equal to 4,26443 
+ , and by the method of approach a greater number 
of figures will be obtained than by either the rule of dou- 
ble poſition or the mode of dividers. 


Another mode ſtands recommended by the authority 
of Dr. Halley, but it is probable that very few perſons 
ſince his time haye adopted it, and a very accurate inveſ- 
tigation of it by Baron Maſeres in ſeveral inſtances has 
proved its inferiority to the ſimple method of approach. 
| Inſtead of rejecting all the powers of = in the new equa- 
tion, as in the ſimple mode of approach, Dr. Halley 
retains the terms, having in them z*, Thus let * — 
ax*+bx=c. | | 


Make x = 4 + 2 
*. * d ꝗ 3d X T 34 2˙ + 25 
— a , - ad“ 24 d 2 — 4 27 = 4 


+bx)+bd+bsz 


By neglecting only the term z*'there remains an equa- 

tion of the ſecond claſs to be ſolved, the copart of whole 
1 2 a* | 

ſirgple term 2 being 4 : — : 4 A will, after 

the firſt operation, be a fraction with a conſiderable num- 

ber of figures in both the upper and the lower parts. 


Now 
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Now half of this fraction is to be raiſed to the ſecond - 1 
power, and then the ſecond root of the known term 1 
added to the new fraction is to be extracted, ſo that 
though a greater number of figures will be attained by 
cach operation, yet the trouble of obtaining them far 
outbalances this advantage, and in practice it will be 
found much eaſier to uſe more operations. by the ſimple 
mode of approach to arrive at the ſame number of fi. 
gures. 


CHAT. V. 


EQUATIONS OF THE FOURTH CLASS. 


EQUATIONS of the fourth claſs have four terms 
on the unknown ſide, and are divided into four orders. 
Thoſe in the firſt order can have only one root, in the ſe- 


cond only two, in the third three roots, and in the fourth 
ſour roots. 


I. * Tau T bw + cx =k 
1. J*: xn +ax"+ bx — c * =k 
13" T4 h — c 4 = 4 
4. & — 4 * — 5 * — c xt = KE. 


1. a * bb” +cxt —x" = A 
2. a * ＋ be — c * — 4 = k 
1 ö 3. a * — bu — c * — "= k 
2 4. bY +cxat —ax — x =k 
5. ba? = c — 4 * —a"=k 
6. c — b 4 — A = 


III. 
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I * — 4 * , bw Sc =I 
2. a — b * = K 
3. * — a * 1 * 4e = A 
4. * — 4 * ＋ 5 * — c E. 


III. 


IV. e — b f a — * . 


In equations of the firſt and third orders the terms on 
the unknown fide are written down according to the in- 
dexes of the unknown powers m 2 0 p. In the ſecond 
and fourth orders the terms are not written down in the 
ſucceſſion of the indexes, but the higheſt index is in the 
laſt term. In the firſt order there is either no change or 
only one change of the marks of adding and ſubtracting. 
In the third order there are either two or three changes 
of the marks of adding and ſubtracting. Hence, if 
an equation in theſe orders 1s written down agreeably 
to the indexes, the number of roots in the form to 
which it belongs is determined by obſerving the change 
in the marks: if there is either no change or one change 
the equation can have only one root: if there are either 
two or three changes (that is, if there is more than one 
change) the equation belongs to a form capable of having 
three roots. | 


In the ſecond order there are either one or two changes 
of the marks; in the fourth order there are three changes 
of the marks. Theſe changes are obſerved by reading 
the equation according to the indexes m n-o Thus, in 
the equation 

5 5 5 % — c a 2 E 
by reading it in the order preſcribed — x”, — a x» + 
þ wo, — cf the two firſt terms à and a x" have the 


lame 


W hy _ ou 
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ſame mark; the third term has a different mark, conſe. 
quently there is one change in reading the three terms 
x", ax", b *, and the two terms þ *, c x? have differ. 
ent marks, conſequently there are two changes of marks 
by reading according to the order of the indexes. Hence, 
if in an equation of this claſs, the unknown term, 
with the higheſt index, is not the firſt term, the cqua- 
tion belongs to the ſecond or the fourth order. If there 
are either one or two Changes of the marks, the equation 
is of the form capable of having two roots. If there are 
three changes of the marks, the equation is of the fourth 
order, and of a form capable of having four roots. 


Let it be required to determine the number of roots in 
the equation 54 * — 32 * + 20 x44 — 50 x = 200, 


The equation written in order is 20 * + 54x} — 
32 * — 5O x = 200, conſequently the equation having 
only one change, and the higheſt power of the unknown 
number being in the farſt term, the equation can have 
only one root. 


Let 30 ** — 12 x — 50 K. + 172 ** = 340. 


*. 172 X ＋30 * — 12 x - 50 x* = 340. 


The term &“ being laſt, and there being two changes 


in the marks, the equation cannot have more than two 
roots. 


Let 20 x — 50 * — 30 * + 40 x4 = 2012. 
*. 40 * — 30 «* — 50 * + 20 x = 2012. 


The term 40 x* being the firſt, and there being two 
changes 
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changes of the marks, the equation cannot have more 
than three roots. 


Let 70 * — 12 * + 50 * — 30 * = 59. 
* 50 * — 12 * + 70 * — 30 x4 = 59. 


The term 30 &“ being the laſt, and there being three 
changes of the marks, the equation is of the fourth order, 


and conſequently is of a form capable of having four 
roots. | 


To find the relation of the coparts and roots in the 
equation 


e - fa“ - I. 


Let e, / g, h be the roots. Then 
c - t e — “K 
and c f—bf* + a, — = k 


. cXe—f—bxe—f* Ta e = — f* 
e- N e + * 74 
ef + 


c—b xe+g+aXxe +egtg=f+ogheg? + 85 
*. aexXf—g+a x f* — p* —bxf—g=e * 
Fg T. T- 
ae F TESA ETF 
a e AX F ＋ FTD — BRS + ex/+hb+/* +f/b +#* 
naxg—h=exg—b+fxg-b+' — þ* 
* Se FTA +6. 


By the ſame proceſs as in pages 25, 52, it is proved 
that þ is equal to the ſum of the products of each pair of 
| roots, 
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roots, c the ſum of the products of the roots taken by 
three's, & the product of all the roots. 


If one of the roots of an equation in this order is | 
known, the other three may be found by means of an 
equation of the third claſs. Let e be the root known, / 
then the equation to find the roots is 


c=bxXebx+aX Ter T“ = + e*x +ex*+ x 


— — — 16. — 
I he * - — __—_ — — — — 
— — 


Inſtance. 1 


11208 x —1408 * 4+ 578 x* — * = 16192 


x =1 2 | 
219 —- 16192 8096 | 
3 | 


11208 — 1708 x+78 * — * = 9577 8096. 


Hence 2 is a root of the propoſed equation. || 
. 11208 = 1708 x2 + x +78 x4+2x+x*=8+ j 
Ax +2x* + K 1 

„ 11208 — 3416 + $12 — 8 = 1708 x — 156 * + 4 x l 
—Bx* 2x0 + x - 

8096 = 1556 x — 76 * + x 


x = 10 8 | | 


* = 80, 6 1012 | 

| 

1556 —76 x +x* 2 896 1012. | 4 
a ; ! 


Hence 8 is another root of the propoſed equation, and * 


* * a. 4 2 Wn _—_— 


—— 


a * Sce page 53. 
Pak II. 5 * 
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4 8 * +64 + 1556 76 x 8 + x 
1620 — 608 = 50 - 8 x — * 
*. 1012 = 68 x — ** 


. 2 34 —XxX0or 
4 * 4 101 = 
V3 ale 
** 14298 2 ies a 
x = 34 
0 x = 46 or 22. 


Hence the roots of the propoſed equation are 2, 8, 22, 
46 and 5 
278 + 22 + 46 = 78. 

Alſo 2 & 8 +2 * 22 J 2.46 +8 x 22 +8 „ 46 + 
| 22 X 46 = 1768 
And 2 X 8 X 22 ＋ 2'X 22 X46 +2 x 8 x 46 + 
| 8 X 22 X 46 = 11208, 
Alſo2 x 8 x 22 x 46 = 16192, 


If the equation is of either of the orders admitting 
more than one root, and one root is known, the remaining 


root or roots may be diſcovered by an equation of the 
third claſs. | 


The relations between the coparts and the roots of 
theſe equations may be found in the ſame manner as in 
the equations of the lower claſſes. 


When the equation has more than one root, ſome num- 
ber between any two roots being ſubſtituted for x, will 
make the unknown {ide greater than any other between 
thoſe two roots can do; and to find this, make x = 
M + y or M- as in pages 29-67 ; and, by comparing 
together 
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together in the ſame manner the two equations thus form- 
ed, an equation will be diſcovered, whoſe roots are the 
different values of M, or the limits between the roots of 
the propoſed equation. Thus let the equation be of the 
form | 


* = ax* bx = c E 
The limiting equation is 
4* — 3a T2 ce 
or each term is to be multiplied into the index of the un- 
known term in it, and the marks of all the unknown 
terms are to remain the ſame except that of the laſt un- 
known term, which is made equal to the ſum or differ- 


ence of the other unknown terms thus found, and then 


the new equation is divided by x. Let 
cabs —asf— 4 = . 
Then for the limiting equation 
cxa—2bx — 34 * = 4 * 
„*. C—2bx—Jax = 4x. 


Inſtance. 


Let 11208 x — 1708 & + 78 x* — 16192. 


The limiting equation is 
11208 x — 2.1708 x* + 3.78 & = 4 at 
19 "OF 
11208 — 2.1708 x + 3.78 x* = 4 x 
*. 2802 = 854 x — 58,5 * +a Z 
#28 «30-88: - 36 
2802 
* 


854 — 58,5 » T*“ = 586,5 636 369 202,5 174. 


= 560, 4 700 280, 2 186 175 


1 Hence 
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Hence the three roots of the limiting equation are 
4, +++ +» 16, .. . and 37, +++ and conſequently the 
roots of the propoſed equation are the leaſt, leſs than four, 
the next between 4, « « . . and 16, . . .. the third be- 
tween 16, .... and 37, .. and the fourth between 
37, + + . . and 57. The laſt number 57 is found by 
taking 4, «+» 7 16, . . . . from 78; for if two of the 
roots are greater than 4. . + 16, ... . that is 
than 20, ., . . the other two roots muſt be leſs than 
78 — 20, .. that is than 57, ». . . and conſequently 
the greateſt root muſt be leſs than 57. In this caſe the 
limiting equation is of little or rather of no uſe towards 
the diſcovery of the roots of the propoſed equation, as 
the four roots of the propoſed equation are diſcovered 
with as little difficulty as theſe limiting roots. 


The modes adopted for diſcovering the relation be- 
tween the coparts and roots of equations of the ſecond 
and third claſſes may be applied to this claſs, as may alſo 
the various methods for determining the number of roots 
in any order of this claſs. But from the greater number 
of unknown terms the trouble is rather increaſed, 


Inſtances. 


x*— 20 * + 9 x* + 100 x = 9246, 


If x is leſs than 20, the unknown term is leſs than 9 ** 
+ 109 x, and if x is equal to 20 the unknown term is leſs 
than 9246, conſequently the equation has only one root 
for by adding to a, when the unknown term is equal ta 


9240, 
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9246, it is increaſed, and by taking away from x the un- 
known term is diminiſhed. 


14937 x — 1998 * ＋ 80 x* — x+ = 5000. 


One root is evidently leſs than unity, and the unknown 
ſide may be divided into two parts, of which the one 


2 8 23 # ill xi 14937 
14937 x — 1998 x* increaſes till is equal to 2.1608 or 


3, + + . . and then decreaſes till x is equal to = or 
7, + - » The other part 80 * — xt increaſes till x is 
equal to 60, and then decreaſes. Conſequently, ſince 
one root 1s leſs than unity there cannot be another root 
leſs than 3, . .. . Nor can there be another root between 
35 +--- and 9, . for if x = 4, then 80 & — is 
greater than 5000, and conſequently the unknown fide 
muſt be greater than 5000 when x is between 3. 
and 7, .... When x is greater than 7, . . . . then the 
part 14937 x 1998 x* is not to be added to 80 * — &, 
bur 1998 x* — 14937 x is to be taken away from 
it, and the increaſe of 1998 * — 14937 x is when 
x is 8 or a number greater than 8 conſiderably great - 
er than the increaſe of 80 x* — x*. Conſequently 
there will be another root to this equation; but 
when x = 20 the increaſe of 80 * — * is nearly 
equal to that of 1998 x* — 14937 x, and when x is 30 
the increaſe of 80 * — x+* is much greater than that of 
1998 K* —14937 x, conſequently there will be a root be- 
tween 7, . . . . and 20. Now the part 1998 K* — 14937 
x conſtantly increaſes ; but there is no increaſe of 80 x? 
— * when x = 60, conſequently when x is between 39 
and 60 the unknown fide muſt become again equal to 

5000, 
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5000, and unleſs this takes place when the unknown ſide 
is the greateſt poſſible there muſt be two more roots to the 
equation *, But it is evident that the number making the 
unknown ſide the greateſt poſſible is fractional, and there- 
fore there will be four roots to the equation. 


Call 14937 — 1998 x + 80 * — x3 equal to z. Then 
& XX = 5000 
10 1 13 20 
— = 500 416 384 166 


* 


* = 1957 753 286 3 
x = 32 34 35 
2— = 156 147 142 
= = 153 181 132. 


Hence the four roots are the one leſs than unity, the 
ſecond between 12 and 13, the third between 32 and 
33, but very nearly equal to 32, the fourth between 34 
and 35, but much nearer to the latter than the former 
number. | | 


Dr. Wallis and Mr. Raphſon have employed them- 


ſelves upon this equation; the former giving for one 
root 12,75044179448074402 . .. the latter in his nine- 


* The equation for finding the numbers which make the unknown 
{ide the greateſt is | | 
14937 = 3996 x = 240 K ＋ 4x3, 
In this equation x cannot be a whole number, for whether + is made an 
odd or an even number the unknown fide is an even number, and conſe- 
quently not equal to 14937. 


teenth 


1 


teenth problem making this root 12,7 5644179448111, and 
Baron Maſeres, who is now employed upon the ſame 
equation, confirms * the ſolution given by Dr. Wallis. 


The progreſs in approaching to theſe roots is as follows: 
The firit root is evidently leſs than unity. 10 is both the 
eaſieſt and moſt obvious number to be tried for the next 
root which led to the trial of 12 and 13. Hence, two of 
the roots were found to be the one leſs than unity, and 
the other between 12 and 13. Conſequently the ſum of 
the remaining roots being equal to the difference between 
80 and the ſum of the roots thus found is 6) 


nearly, the half of which being 33, . . . . is greater than 


one and leſs than the other remaining root. Hence 30 
was tried, which led to the trial of 32, and 32 being 
found to be very nearly equal to one root, the other is ne- 
ceſſarily very nearly equal to 34. | 


** — 7.x* + 20x* — 155 * = Icooo. 


The unknown ſide of this equation may be divided into 
two parts x* — 7 & and 20 * — 155 x*% It æ is leſs 
than 7, the unknown fide is leſs than 20 * — 155 K 


Alſo ſince 20 * — 155 * = x? X 20 * — 155, if x 1s 


leſs than 755 
2 20 


* 


or 7,75, the unknown ſide is leſs than 


x* — 7 x*; and if when x = 7,75, the term & — 7 
is leſs than 10000, the equation can have only one root, 


for when x is greater than 7,75 both parts x5 — 7 * and 


—— 


* In an Appendix, now in the preſs, to Halley's new, exact, and cafis 
Method of finding the Roots of any Equations generally. 


20 


oY 
—— _ — — — * —— — 
- 
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20 * — 155 x increaſe by adding x to x, and decreaſe by 
taking + from x. Let x = 7,75, then the unknown 
ſide is equal to &“ X x — 7 or x* X 7,75 —7 or 75 * 
7,75] , that is, it is leſs than, 75 x 84 or ,75 x 4096, 
and conſequently is leſs than 10000. Therefore this 
equation has only one root. 


The ſame thing may be proved by the limiting equa- 
tion, which is | 
5 ** — 2Bxi þ60x* = 310 
or * — 5,Hx* + 12 ** = 62. 


It is evident, that if & is equal to or greater than 5,6, 
the unknown ſide is greater than 62, conſequently the 
roots of this equation muſt, if there are more than one, 
be each leſs than 5,6. But 5,6, or a number leſs than 
5,6 cannot be a root of the equation. 


* —7 * ＋ 20 * — 155 * = 10000 
which can therefore have but one root. 


This equation is ſolved by Baron Maſeres in the third 
volume of the Scriptores Logarithmici, page 742, and 
the root determined to be very nearly equal to 8,6 or 


8,5992325. 


- 


" CHAP. 
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CHAP. VI. 


GENERAL OBSERVA'TIONS, 


BY the method purſued in the preceding chapters the 
relation between the coparts and the roots of any equa- 
tion whatſoever will be diſcovered, and the equations of 
one mode in the laſt order of each claſs follow an analo- 
gy, which may eaſily be traced from the ſecond order of 
equations of the ſecond claſs to the laſt order of every 
claſs. This mode is when the difference between every 
two adjoining indexes 1s unity, and the higheſt index 1s 
the number which denominates the claſs to which the 
equation belongs. Thus a * — an = k is the ſecond 
order of equations of the ſecond claſs; let m = 2 and 
n = 1, then a is equal td the ſum of the roots and & is 
equal to the product of the roots. ** — a * + b x = 
& is of the third order of the third claſs; the higheſt in- 
dex is the number denoting the claſs, and the adjoining 
' indexes differ by unity. à is equal to the ſum of the 
roots; b is equal to the ſum of the product of each pair 
of roots, and & is equal to the product of the roots. c x 
I +ax*—x* = k. Here the equation is of the 
laſt order of the fourth claſs, the higheſt index is the 
number denoting the claſs, and the adjoining indexes dif- 
fer by unity. @ is equal to the ſum of the roots; J the 
ſum of the products of each pair of roots; c the ſum of 
the products of the roots taken by threes, and & the pro- 
duct of all the roots. Let » denote the higheſt index, 
and let the adjoining indexes differ by unity, then the 
equations of the laſt order of a claſs belong to one or 


PART II. * other 
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other of theſe forms according as the claſs i is denoted by 

an even or an odd number 

Fx =, io. 44... + ot oo = A X®=4 + < x8=3 
— 3 * - Tar. — x" = þ 

n — A- IA 2 3 de =- A e A- .. 


In both caſes, if the equation has » roots, a is equal 
to the ſum of the roots, 5 is equal to the ſum of the pro- 
ducts of each pair of roots, c is equal to the ſum of the 
products of the roots taken by threes, d is equal to the 
ſum of the products of the roots taken by fours, and ſo 
on, and k is the product of all the roots. 


The following is a general form to which every pro- 
poſed equation may be made to correſpond, obſerving 
only that no equation whatever can have all the loweſt 
marks together : 


+" a A h . e * A def K . 


The limiting equation to the above equation is 
2m Aan eie n 
+ b xt—1 + KI. 


The proof is the ſame as that n in pages 26, 
27 2% 67, 09. 


It has been already obſerved, that this limiting equa- 
tion will be of little uſe in equations of high claſſes., As 
an inſtance, let it be required to find the number of roots 
in the equation * + 4 x7 — * — 10 #5 + hand fo 
— JOx* — IO Xx 5. 


The 


4 


The limiting equation is 
8 * ＋28 * — 6 — 50 * 20 * — 15 * — 20 * 10 


In this caſe the limiting equation is of a form capable 
of having as many roots as the propoſed equation, and it 
becomes now a queſtion to find the number of roots in 
the limiting equation. Initead of this, let the method 
adopted in pages 84, 85, 86, be applied to the propoſed 
equation. | 


* 4K — 10 * +5 x* —5x* 104 = 10x =5, 


The unknown fide may be divided into two parts x* 4- 
4* — * —10x and 5 — 5 * — 10x* — 10 x, 
and the equation is of a form capable of having three 
roots. Now the part 5 x* — 5 * — 10 * — 10x will, 
if 5 x* is greater than the other terms, make a number to 
be added to the firſt part, and if it is leſs, make a number to 
be taken from the firſt part. The ſame may be obſerved of 
the firſt part if & + 4 x7 is greater or leſs than x* + 10 *. 
Now x mult evidently be greater than unity, and 5 * — 
5 * — 10 x* — 10 x makes a number to be taken from 
the firſt part if x is not greater than 2. But when & is 
equal to 2, or ſome number leſs than 2, * + 4 * is 
greater than x* + 10 x*. Conſequently ſome number 
leſs than 2 will make * + 4 K equal to x* + 10 x*, 
and then every addition to x increaſes the part x* ＋ 4 & 
— * — 10x*%, Nowif the part tow + 10 * + 5 * 
— $5 x* decreaſes by the addition of & to x the whole un- 
known ſide muſt neceſſarily increaſe. 'The part 10 x + 
10x* + 5 x* — 5 * firſt increaſes and then decreaſes, 
and the limit of its increaſe is when | 


Q 2 10 


= 
q 
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10 = 20x83 — 15 * — 20» 
or „5 * — 7 * — 4 

that is x is not equal to 1,2, and conſequently when & is 
greater than 1, 2 the part 10x+10x* + 5 x3 — 5 * con- 
ſtantly diminiſhes till 10 * + 10 K + 5 x* is equal to 
5 x+, and then by adding æ to x as before, the part 5* 
5 * — 10 x* — 10 x conſtantly increaſes. But when x is 
equal to 1,2 the unknown fide of the given equation is no 
number at all, and conſequently when the unknown fide 
by being a greater number, is equal to 5 the part x* + 
4 * — * — 10 is increaſed by the addition of æ to x, 
and the part to be taken from it is either leſs than it was 
before, and conſequently the unknown fide will be greater 
than 5, or inſtead of a number to be taken away from x* 
+ 4x7 — x* — 10 x* the other part is a number to be 
added to it. Therefore the unknown ſide is always in- 
creaſed by adding æ to x, or diminiſhed by taking away x 
from æ and the equation can have only one root. This 
root is diſcovered by Baron Maſeres, in the Scriptores Lo- 
garithmici, Vol, III. p. 749,-to be the only root, and to 
be very nearly equal to 1,618, and the equation is the 
higheſt numeral equation mentioned by Newton in his 
Arithmetica Univerſalis. 


Let M be the number denoting the claſs, and N the 
number denoting an order in that claſs, then the number 
of orders in any claſs is equal to M, the number of forms 


in any claſs Mis equal to 2" — 1, and the number of 
M— 1 M — 2 


forms in any order N is equal to M. 


M — 3 M—N+1 
ä N —. 


Thus, 
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Thus, let M be equal to 4, then in the third claſs there 
are three orders. Let M be equal to 100, and in the 
Iooth claſs there are 100 orders. 


Let M be equal to 4, then in the fourth claſs the num- 
ber of forms is equal to 2* — 1 or 16 — 1 or 15. 


Let M = 4 and N =3, then the number of forms in 
the fourth claſs, capable of having three roots, is equal 


3 


2 ; 
to 4 * = X 7 or 4. That is, there are four forms 


being capable of having three roots. 


Let M = 4 and N = 2, then the number of forms in 
the fourth claſs, capable of having two roots, is 4 x 


5 or 6. That is, there are ſix forms capable of having 


two roots. 


If the unknown term, having the higheſt index in an 
equation, 1s to be taken away from the reſt, the number 


of the order to which it belongs is an even number, and 


conſequently the greateſt number of roots an equation of 
that form can have is an even number; bur if the un- 
known term, having the higheſt indgx, is not to be taken 
away from the reſt, then the order to which it belongs is 
an 04d number, and conſequently the greateſt number of 
roots an equation of that form can have is an odd number. 


Let N be the number denoting the order to which 
an equation belongs, then the number of the changes 
of the marks is equal to N or N —- 1, Hence, by 


ob- 


* 
— ————— 
—ͤ—d— — 


_ 
K I —_— — — — — 
— — — 9 


— — 
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obſerving the changes of the marks in any equation, 
the greateſt number of roots which an equation of that 
form is capable of having is aſcertained. Let the num- 
ber of changes be P, then, if the term with the high- 
eſt index is the firſt term, N is an odd number, otherwiſe 
N is an even number. If P then is an odd number, and 
N an even number, Pis equal to N— 1 or N is equal to 
P + 1; but if both P and N are even numbers or odd 
numbers then P is equal to N. 


Let * —16 * + 77 x = 98. 


z* being the firſt term, the order to which this equa- 
tion belongs is denoted by an odd number, but there is 
an even number of changes, therefore N =P + 1 or 3; 
that is, this equation cannot have more than three roots, 
and it depends upon the coparts and known term, whc- 
ther it has one, two, or three roots. 


Let x*+ x7 -* — 104 ＋ * —5 * — 10% log: 
M 5 


z* being+the firſt term, the equation belongs to an order 
whoſe index is. an odd number, and the number of 
changes in the marks is odd, therefore the order to which 
this equation belongg is the third; this equation cannot 
have more than three roots. If the equation had been 


x 4% =- 1043 + 5xt— 543 ＋ 10A 10 , 


by counting the unknown terms it appears that it be- 
longs to the eighth claſs, and conſequently cannot have 
more than eight roots: ſince a* is the firſt term, the num- 
ber denoting the order is an odd number, and there being 
ſeven, 
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feven, that is an odd number of changes in the marks, 
the equation belongs to the ſeventh order, and cannot con- 


ſequently have more than ſeven roots. 


The inveſtigation of the properties of equations is 
. Endleſs; it is with them as with intelligent beings. 
There is no limit to the number of modes of each form. 
There is no limit to the number of forms. There is no 
limit to the number of orders. There is no limit to 
the number of claſſes. Each mode has its peculiar 
curve. The lives of men of the firſt talents have been 
employed upon a ſingle curve, and there are not names 
given to a hundred ſpecies of curves. By the claſs 
of intelligent beings next in rank above man, all theſe 
equations and all theſe curves are, perhaps, thoroughly 
underſtood, and the next claſs excells them as much as 
they do us. How great then mult be that being to whom 
the thoughts of all theſe orders of beings are known at 
a moment's glance; and how inſignificant in the eye of 


reaſon are thoſe nations which lay down rules for thought 
and perſecute for opinions. 


| THE END. 


TO BE SOLD. 
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